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Prepare for More Realistic Test Results 
Matthew R. Larson and Steven Leinwand 
The potential drop in reported state proficiency rates when the new 


CCSSM assessments are implemented will require adjusted expectations. 


Graphing Polar Curves 

Jonathan F. Lawes 

Graphing the polar function on a rectangular plane simplifies graphing, 
increases student understanding, and reinforces connections. 


Exploring Logarithms with a Ruler 

Elliott Ostler 

Processes using linear measurement can be adapted to teach 
complex topics such as polynomial multiplication, rational 
exponents, and logarithms. 


Counterexamples as Starting Points for Reasoning and Sense Making 
David A. Yopp 

Asked to “fix” a false conjecture, students combine their reasoning 
and observations about absolute value inequalities, signed numbers, 
and distance to write true mathematical statements. 


Derivative of Area Equals Perimeter—Coincidence or Rule? 

Rina Zazkis, Ilya Sinitsky, and Roza Leikin 

A familiar relationship—the derivative of the area of a circle equals its 
circumference-is extended to other shapes and solids. 
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on the cover 


When did you last hear the word 
nomograph? Slide rules were long ago 
replaced by scientific and graphing 
calculators, but Elliot Ostler uses 
parallel number lines—a nomograph— 
to help students gain insight into the 
laws of exponents and how logarithms 
work. Turn to page 668 and read 
“Exploring Logarithms with a Ruler.” 
COVER PHOTO: PETER GUESS/VEER 
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REAUDEK 
SURVEY 


OF NCTM JOURNALS (2011) 


and staff who work on the NCTM school jour- 

nals—Teaching Children Mathematics, Math- 
ematics Teaching in the Middle School, and Math- 
ematics Teacher—continually strive to meet readers’ 
needs. To determine how well we all succeed, we 
gather feedback every three years through a reader 
survey and accompanying focus groups. Two such 
inquiries have been performed to date by an outside 
consulting firm, Stratton Publishing & Marketing/ 
Stratton Research. For the most recent (2011) sur- 
vey, we invited 3000 readers of each journal to par- 
ticipate; the effective mailing was 8457. For all three 
journals, the response rate averaged 26.4%, which 
is higher than for many other journals. Responses 
were calculated at the 95% confidence level with the 
average margin of error around +3.5%. 

Of the twenty-five questions posed, some of the 

most revealing asked whether the NCTM journals— 


| he authors, editors, Editorial Panel members, 


e are an effective resource for practicing and 
prospective teachers and supervisors; 

e are useful on the job; 

e have content that is credible, timely, relevant, 
and well written; and 

e are designed to communicate the content 
effectively. 


The level of positive response was far above 
what is considered the industry standard. In fact, it 
so exceeded the standard that Stratton Research, in 
a recent issue of its newsletter for association and 
university clients, featured the NCTM journals as 
an example of excellence. 

Although gratified by the positive input, the 
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MT Editorial Panel and staff also took note of sev- 
eral strands of critical comments in the anecdotal 
responses. Readers who complained fell into three 
large groups: 


e Those who felt that the level of the journal was 
too high for the caliber of students with whom 
they work 

¢ Those who wanted more articles written by high 
school teachers 

e¢ Those who wanted more ready-to-use ideas for 
the classroom 


The MT Editorial Panel has been aware of these 
concerns for some time and has made recent efforts 
to respond to them. For example, the theme of the 
2011 and 2013 Focus Issues was the mathematical 
foundations of, respectively, geometry and alge- 
bra. The Back Page: My Favorite Lesson, which is 
intended to provide a forum for high school teach- 
ers, has provided many classroom-ready lesson 
ideas. And M7’s call for manuscripts on entry-level 
classes, which has recently morphed into the call 
Open the Door and Keep It Open (see p. 709), is 
designed to encourage submissions of just the kind 
of journal articles that readers say they want. 

But we can publish only what is submitted. We 
have heard from high school teachers that they do not 
have time to write or that they do not write well, so 
we are looking into ways to alleviate those concerns, 
such as pairing classroom teachers with university 
teacher-educators. We hope that high school teachers 
who have good ideas that they have put into practice 
in their own classrooms will submit manuscripts— 
either in response to a call or not—soon and often. 


RE AREER ons 


HOW MANY JELLY BEANS? 
The Common Core Mathematics Standards: 
Transforming Practice through Team Lead- 
ership (NCTM and Corwin 2012), by Ted 
H. Hull, Ruth Harbin Miles, and Don S. 
Balka, is an excellent resource. The book’s 
appendix contains some sample problems 
that show CCSSM content and practices. 
One problem for grade 7 (p. 137) is 
given as follows: 


Three students guessed the number 
of jelly beans in a jar. Their guesses 
were 348, 359, and 368. The guesses 
were off by 1, 12, and 8 but not in 
the order of their guesses. How many 
jelly beans could be in the jar? 


The discussion of the problem states that 
there are two possible solutions: 352 
jelly beans and 360 jelly beans. Unfortu- 
nately, this statement is wrong; only one 
solution—360 jelly beans—is correct. 
Realizing this error led me to wonder 
whether there are similar problems that 
have two distinct solutions. 

Suppose that the two correct answers 
were 352 and 360. What guesses could 
have produced these answers? To iden- 
tify these guesses, I first considered the 
three errors: A, B, and C. 

One of the guesses could be halfway 
between the two correct answers. This 
situation is modeled by the following 
equations: 


SOE —oless le 00) i> 
A=8+B75A-B=8 


We appreciate the interest and value the views 
of those who write. Readers commenting on 
articles are encouraged to send copies of their 
correspondence to the authors. For publica- 
tion: All letters for publication are acknowl- 
edged, but because of the large number sub- 
mitted, we do not send letters of acceptance 
or rejection. Letters to be considered for publi- 
cation should be in MS Word document format 
and sent to mt@nctm.org. Letters should not 
exceed 250 words and are subject to abridg- 
ment. At the end of the letter include your 
name and affiliation, if any, including e-mail 
address, per the style of the section. 


THE DISCUSSION a. 


Following is a response to Linda 

M. Gojak’'s reply to the question 

“Is NCTM Political Enough?” which 
appeared in Reader Reflections in 
MT Dec. 2012/Jan. 2013 (vol. 106, no. 
5, pp. 324-25). Ms. Gojak is the presi- 
dent (2012-14) of NCTM. 


WE NEED YOUR HELP, NCTM 
Having been invited to respond to “Is 
NCTM Political Enough?” I offer the 
following: NCTM is not. 

Although President Gojak lists vari- 
ous ways in which NCTM has spoken 
out, the organization has been largely 
unheard and mostly ineffective. In her 
first paragraph, Ms. Gojak admits that 
NCTM’s work is “not widely publi- 
cized.” In the second paragraph, she 
mentions formative assessment. For- 
mative assessment is not the issue here; 
it may be important as a pedagogical 
technique but not as a political issue. 

The political issues revolve around 
the fact that most administrators on 
the high school level (with which I am 
most familiar) are ill equipped to assess 
quality mathematics teaching. They 
have little knowledge of the content to 
begin with and even less of construc- 
tivist pedagogy. As a result—and I 
have experienced this firsthand—such 
administrators criticize when a stan- 
dard is not displayed at the front of the 
classroom and side with those students 
and parents who complain that “the 
teacher isn’t teaching the steps.” 

In their wonderful article “Authen- 
tic Tasks in a Standards-Based World” 
(MT Dec. 2012/Jan. 2013, pp. 346-53), 
Edwards, Harper, and Cox state that 
the Fermat point is not in the Ohio 
Standards and that “teachers won’t 
teach content like this unless it’s in the 
Content Standards.” Wow! What a loss 


of a terrific lesson, if in fact this is so. 
We need your help, NCTM. 
Administrators will not accept the 
opinion of an individual teacher as 
to the nature of discovery teaching of 
mathematics nor allow for flexibility 
as to how a lesson develops (a la the 
Fermat point case) and the extension, 
beyond written standards, of various 
mathematical ideas. 
A few years ago, I was criticized 
for not displaying a standard on the 
chalkboard for students to see. The 
next time an administrator visited my 
class, I was complimented for posting 
a standard. I had deliberately put up a 
standard that was not at all related to 
the mathematics we were doing that 
day. No student mentioned it, either. 
Has anyone determined that students 
learn better when the precisely worded 
standard is displayed somewhere? 
Finally, the most troublesome issue 
to me is the “one-size-fits-all” aspect of 
standardized testing. Is it reasonable 
to assume that special-needs students, 
with their many varied disabilities, 
will all perform at the same absolute 
level as students without such learn- 
ing disabilities? Should it not be our 
goal to assist all students to reach their 
maximum potential without compar- 
ing that maximum with those of other 
students? We need your help, NCTM. 
NCTM’s goal has always been, 
quoting Ms. Gojak, “to reflect progres- 
sive, effective practices and to inform 
and inspire classroom teachers.” We 
need NCTM’s help so that we can 
reach a wider audience. We need 
NCTM to be more political. 
Ken McCaffrey 
Kenneth.mccaffrey @yahoo.com 
Brattleboro Union High School (retired) 
Brattleboro, VT, Dec. 12, 2013 
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352 — B= guess 2 = 360 -A > 
-B=8-A>A-B=8 


352 + C= guess 3 = 360 -C> 
2C=8>C=4 


This problem, therefore, has a solution if 
one error is 4 and the difference between 
the other two errors is 8. The solution 
A= 13,b—),and ©—4, forexample, 
would mean that the guesses are 365, 
347, and 356. 

These values lead to a revised version 
of the original problem: 


Three students guessed the number 
of jelly beans in a jar. Their guesses 
were 347, 356, and 365. The guesses 
were off by 4, 5, and 13 but not in 
the order of their guesses. How many 
jelly beans could be in the jar? 


The solutions to this problem are 352 
or 360: 347 + 5 = 352, 356 - 4= 352, 
365 — 13 = 352; and 347 + 13 = 360, 
356 + 4 = 360, 365 - 5 = 360. 

Another possibility might be that 
none of the guesses is halfway between 
the two correct answers. That case is 
modeled by the following equations: 


352 + A = guess 1=360+B- 
A=3— 5 


352 + C= guess 2 = 360 - B> 
C=8-B 


352 - A = guess 3 = 360 - C5 
-A=8-C 


Adding the three equations on the 
right yields C= 24- C4 C=12. 

Two errors of the same magnitude, 
as is the case here, would change the 
essence of the problem; it would now 
state, “The guesses were off by 4, 4, and 
12.” Therefore, I ignored the case that 
none of the guesses is halfway between 
the two correct answers. 

This method can be used to construct 
similar problems that have two solu- 
tions. All that is necessary is for the two 
solutions to have the same parity (both 
even or both odd). 

John F. Mahoney 
johnf.mahoney@gmail.com 

Benjamin Banneker Academic High School 
Washington, DC, July 29, 2012 


PROBLEM 24, SEPTEMBER 2012 
CALENDAR 

Problem 24 of the September 2012 Cal- 
endar states (see MT August 2012, vol. 
106, no. 1, p. 41): 


The integers 220, 251, and 304 repre- 
sent three consecutive perfect squares 
in base ). Determine the value of b. 


As with the printed solution, an alter- 
nate route would begin with the realiza- 
tion that consecutive squares differ by 
consecutive odd integers. Since the differ- 
ence between 251 and 220 is 31 (in base 
b or base 10), the difference between the 
next two squares must be 33. Since 304 
and 251 have a difference of 33 in base 
b, 25 must be 3 less than 30 in base b. 
Therefore, the necessary base is 8. 

Thomas K. Rice 
tkrice@tsc.k12.in.us 

East Tipp Middle School 
Lafayette, IN, Aug. 6, 2012 


PROBLEM 31, OCTOBER 2012 
CALENDAR 

Problem 31 of the October 2012 Calen- 
dar (see MT September 2012, vol. 106, 
no. 2, p. 121) is stated as follows: 


Given the parametric equations 
x = 2atan@ and y = 2acos 8, 


eliminate the parameter (@) and solve 
the resulting equation for y in terms 
of a and x. 


I suggest an alternate to the published 
solution. The parametric equations x = 
2atan@ and y = 2acos’@ can be rewrit- 
ten as tan@ = x/2a and as sec’ 0 = 2a/y, 
respectively. The fact that tan’@+ 1 = 


sec’ @ gives 
— ee sy 
2a y 


from which we can conclude that 


ss 8a° 
x7 +4¢@2— 


Steven Siegel 

stegel443 @ comcast.net 
Niagara University (retired) 
Niagara, NY, Sept. 7, 2012 
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PROBLEM 26, NOVEMBER 2012 
CALENDAR 

Problem 26 of the November 2012 Cal- 
endar (see MT October 2012, vol. 106, 
no. 3, p. 201) is stated as follows: 

f In right triangle 
ABC, the bisector 
of ZABC divides 
the opposite leg 
into two segments 
of length 5 and 4. 
Find the area of 
NAC 


This is a great exercise to show that 
a problem involving similarity and a 
Pythagorean triple from a geometry 
course can be solved with a trigonomet- 
ric identity from a traditional second- 
year algebra course. 

Label the intersection of the angle 
bisector and AC as D and let BC =x. 
Then, using the double-angle formula, 
we have 


1—tan” ZDBC 
But tan ZABC = 9/x, and tan ZDBC = 
4/x. So 

20= 8x 


tan ZABC Se a oy 
1-4 x?-16 








D> 


a 
tv 


Setting our two expressions for the tan- 
gent of angle ABC equal to each other, 
we obtain the following: 





9 8% 

One 
9x? — 144 = 8x? 3 

wes 2 


The requested area of the triangle is thus 54. 
Dick Smith 

dsmith @dbq.edu 

University of Dubuque 

Dubuque, LA, Oct. 9, 2012 


Editor’s note: A similar letter was 
received from Steven Siegel, Niagara 
University (retired). 


NEGATIVE TIME 

A standard application of quadratic 
functions asks students to determine the 
time when an object propelled from a 


height above the ground will reach the 
ground. For example, the equation 
d=-16t° + 32t + 48 gives the position d 
(in feet above ground) at time t (in sec- 
onds) of an object launched with an ini- 
tial velocity of 32 ft./sec. from a height 
of 48 feet above ground. To determine 
when the object will hit the ground, we 
replace d with 0 and solve the resulting 
quadratic, obtaining t=-1 or t=3. We 
announce that the object hits the ground 
after 3 seconds, rejecting the negative 
value for t. Perhaps we can make that 
value meaningful. 

If we translate the graph of d = -16¢° 
+ 32t +48 one unit to the right, we have 
@——16(¢— 1) 32(¢— 1) +48. which 
simplifies to d =-16¢ + 64t. This equa- 
tion describes the position of an object 
launched from the ground with an initial 
velocity of 64 ft./sec., reaching a height 
of 48 feet one second later, a height of 
64 feet after another second, returning 
to 48 feet after another second, and hit- 
ting the ground after another second. 
This is the same flight pattern as in the 
first case, except that the object uses the 
first second to get to the height of 48 
feet. Thus, we could have launched 
the object from the ground one second 
earlier than we launched it from the 
platform, using an initial velocity of 
64 ft./sec., and the object would have 
traveled the same route in the remain- 
ing 3 seconds that it followed when 
launched from a height of 48 feet. 

We could also apply physics to the 
situation and determine that the object 
was traveling at 64 ft./sec. when it 
reached a height of 48 feet on its 
descent, since dy/dt = -32(2) = -64. 
Thus, by symmetry the initial velocity 
needed to propel the object from the 
ground to a height of 48 feet would be 
64 ft./sec. The corresponding equation 
would be d = -16¢° + 64t, as before. 

James Metz 
metz@hawait.edu 

Kapiolani Community College 
Honolulu, HI, May 12, 2012 
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The Golden Ticket 
P, NP, and the Search for the Impossible 
Lance Fortnow 


“You will love this book. It’s completely accessible 
and captures the thrill, potential, and heartbreak 

of an edgy mathematical problem in terms that 
nonmathematicians will appreciate. After reading 
The Golden Ticket, \ sort of hope P isn’t NP after all.” 
—Vint Cerf, Google Vice President and Chief 
Internet Evangelist and one of the “Fathers of 

the Internet” 


Cloth $26.95 978-0-691-15649-1 


Heavenly Mathematics 
The Forgotten Art of Spherical Trigonometry 


Glen Van Brummelen 


“Written by the leading expert on the subject, 

this engaging book provides an in-depth historical 
introduction to spherical trigonometry. Heavenly 
Mathematics breathes new and interesting life into a 
topic that has been slumbering for far too long.” 
—June Barrow-Green, associate editor of The 
Princeton Companion to Mathematics 


Cloth $35.00 978-0-691-14892-2 


Towing Icebergs, Falling Dominoes, 
and Other Adventures in Applied 
Mathematics 

Robert B. Banks 


“There is something here for every mathematically 
inclined reader. The aerodynamics of balls in sport, 
the spread of diseases, traffic flow, the effect of meteor 
impacts—|[Banks] deals with these and much more in 
engaging, well-judged detail.” 

—Robert Matthews, New Scientist 


Princeton Puzzlers 
Paper $16.95 978-0-691-15818-1 


Trigonometric Delights 
Eli Maor 


“This book will appeal to a general audience 
interested in the history of mathematics. I highly 
recommend [it] to teachers who would like to ground 
their lessons in the sort of mathematical investigations 
that were undertaken throughout history.” 

—Richard S. Kitchen, Mathematics Teacher 


Princeton Science Library 
Paper $18.95 978-0-691-15820-4 


See our E-Books at 
press.princeton.edu 
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MEDI 


Ryan Brydges // Kevin Webster 


World Population Soon to Hit 7 Billion 


My, how we've grown since July 11, 
1987-as a global population. Back then 
there were five billion of us crowding 
this planet. The United Nations declared 
July 11 of that year “Five Billion Day” to 
mark the estimated date on which we 
reached that milestone. 

Two years later, the UN declared 
every subsequent July 11 to be World 


Population Day as an effort to increase 
awareness of issues such as the 
importance of family planning, gender 
equality, poverty, maternal health, and 
elderly care. 

Sometime in 2012-the UN figures 
around Oct. 31-global population will hit 
seven billion. That's a growth of 40 per- 
cent in just over 20 years. The planet's 


World population estimates milestones 


123 4°S) 6 7 aver" 


1804 1927 1960 


1974 1987 1999 


2012 


population has doubled since 1968. 

In 1804, there were one billion 
people in the world. It took 123 years for 
that number to double. 

The UN Population Division expects 
the population to keep growing until the 
middle of this century, despite dramatic 
declines in fertility rates around the 
world. 


2025-30 2045-50 


Source: http://www.cbe.ca/news/world/story/2011/07/10/f-world-population-day-7billion.html 


Media Clips appears in every issue of Math- 
ernatics Teacher, offering readers contem- 
porary, authentic applications of quantita- 
tive reasoning based on print or electronic 
media. All submissions should be sent to the 
editors. For information on the department 
and guidelines for submitting a clip, visit 
http://www.nctm.org/publications/content 
.aspx?ia=10440#media. 


Edited by Louis Lim, louis.lim1@gmail.com 
Thornhill Secondary School, Thornhill, ON, 
Canada 


Lionel Garrison, garrison@horacemann.org 
Horace Mann School, Bronx, NY 


1. Suppose that, as the article states, the 
world’s population was 5 billion in 
1987 and will be 7 billion in 2012. 


(a) Determine the average annual 
growth rate. 


(b) Write an equation to model this 
growth. Explain why you chose 
this model. 


2. Use your model to calculate— 


(a) the world population in 1960; and 


(b) the world population in 2025. 


3. How do your predictions compare 


with the information in the article 
about the actual population in 1960 
and the predicted population in 
2025? What does this say about the 
growth rate that you calculated in 
question 1? 
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4. (a) What do you predict the popula- 
tion growth will be in 2025? 


(b) Do you think that your model will 
accurately predict these values? 
Why or why not? 


5. (a) Graph the data from the article for 
the years from 1804 through 2045- 
50. Use time for the horizontal axis 
and population for the vertical axis. 


(b) Describe the rate of change on 
each part of the graph. 


6. (a) Use a graphing calculator to deter- 
mine the equation of a logistic 
model for the data. 


(b) Compare the graph of the logistic 
model with the graph of the model 
that you created for question 1. 
Which model better represents 
this scenario? 


Facebook Mathematics 


The warning came in an e-mail one morning last November: “Crystal Kapteyn, you have too 
many friends.” The avid Facebooker had unknowingly surpassed the social network’s friends 


limit. Her number? A whopping 5,000. 


“IT just kept accepting people and accepting people. And then it got out of con- 
trol,” says Kapteyn, a mother and a political science student at Brock University. 
Moderators suggested she join the likes of Justin Bieber and Prime Minister Ste- 
phen Harper by creating a Facebook fan page. “I was like, ‘A fan page? I’m just a 


normal person!’” 


The only other option was to do a mass purge. Kapteyn, 52, took a deep breath and 
posted a status update: “Starting deletions.” It took nearly seven hours of clicking and 
scrolling—“It was kind of ridiculous, to be honest,” she says—but Kapteyn did it. Today, 
her number is 1,578, heaps less than before but still a far cry from the average Facebook user’s 180 friends. 

Even with 3,500 (approximately) fewer friends than she used to have, Crystal Kapteyn gets thousands of 


Facebook notifications sent to her BlackBerry and e-mail every month. 







MAX PHOTOGRAPHY/ISTOCKPHOTO 


Source: Amy Dempsey, “When Even Facebook Thinks You Have Too Many Friends,” Toronto Star, June 30, 2011, 
http://www.thestar.com/life/2011/06/30/when-even-facebook-thinks-you-have-too-many-friends.html 


. Suppose that Facebook did not have 
a 5,000-friend limit. Presumably, the 
more people you friend, the more sug- 
gestions for friends you get; thus, your 
list may grow exponentially. Assuming 
that Crystal still has 5,000 friends and 
assuming that her list grows by 2.5% per 
month, answer the following questions: 


(a) Write an exponential equation 
that models the growth in the 
number of Crystal’s friends. 


(b) How many friends will Crystal 
have 12 months from now? 


(c) In how many months will the 
number of Crystal’s friends be 
double what it is now? 

. In cutting down from 5,000 to 1,578 
friends in 7 hours, how many friends 

did Crystal delete on average— 


(a) in each hour? 


(b) in each minute? 


3. If Crystal went through her entire list 
of friends (5,000) one at a time in the 
7 hours, for how long (in seconds) 
did she consider each friend (on 
average) before keeping or deleting 
each one? Assume that Crystal takes 
a 30-minute lunch break and two 
10-minute bathroom breaks during 
this process. 


4. The author determined that there 


are 73 possible scenarios in which 
Facebook could send a user an e-mail 
notification, including anything from 
the user being tagged in a photograph 
to someone commenting on the user’s 
wall. Therefore, managing these noti- 
fications is critical; otherwise, one’s 
e-mail box may fill up quickly. 

Suppose that Crystal had selected all 
the e-mail notifications possible and 
that, by some strange coincidence one 
day, each of her 5,000 friends activated 
all 73 scenarios (they all tagged her in 
a photo, wrote on her wall, etc.). How 
many e-mail notifications would Crys- 
tal receive that day if it were— 


(a) before her deletions? 


(b) after her deletions? 


. Let’s consider a more realistic sce- 


nario. On one particular day, she 
happened to get 1 e-mail notification 
(of any type) from 27% of her 5,000 
friends. 


(a) What would be the total number 
of e-mail notifications that Crystal 
received? 


(b) If it takes Crystal 1 minute (on 
average) to read and act on each 
e-mail, how many minutes does 
she spend that day dealing with 
her Facebook e-mails? Do you see 
a problem with this? 


(c) Let’s say that Crystal works for 
18 hours per day on e-mails (after 
all, she has to sleep and eat). How 
many minutes on average would 
she fall behind each day? 
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“World Population” answers 
1. (a) We can calculate an annual 





World Population by Year 


growth rate in several ways. 

For instance, the world popula- 
tion grew from 5 billion in 1987 
to 7 billion in 2012. This is an 
increase of 2 billion over 25 years, 
an average increase of 0.08 billion 
people per year. An alternative 
way to analyze the data is to rec- 
ognize that the change from 5 to 
7 billion is a percent increase of 
40%, or 1.6% per year. 


(b) We can determine a model for the 
population growth described in 
the article based on each assump- 
tion in (a). 

A linear model would use the 
increase of 0.08 billion people per 
year as the slope in the equation 
P=0.08n + 5 where P represents 
population in billions, n is the 
number of years since 1987, and 
5 is the population in 1987 (n = 0) 
in billions. 

An exponential model would 
use the average annual increase of 
1.6% to arrive at the equation P = 
5(1.016)” where P represents pop- 
ulation in billions and n represents 
the number of years since 1987. 

Students comfortable with the 
concept of continuous growth 
might solve the equation 7 = 5¢ 
for r, the rate of increase over 
the 25 years from 1987 to 2012. 
When that equation is solved for 
r, we obtain 


25r 


r=— = 0.01346, 


yielding a different exponential 
equation of P = 5¢°°*", 


2. (a) Each model gives a different esti- 


mate of the population in 1960. If 
we use P= 5(1.016)", n = -27, we 
get P= 5(1.016)” = 3.257 billion. 
Using P= 56°" with n = -27 

yields an estimate of 3.476 billion 


10 
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Fig. 1 (“World Population’) 


in 1960. If we use the linear model, 
P=0.08n + 5 with n = -27, we get 
an estimate of 2.84 billion. 

(b) Predicting the population in 2025 
(n = 38) will also vary by model: 


P=5(1.016)* ~ 9.140 billion 
P= 568019) ~ 8.339 billion 
P=5+0.08(38) = 8.04 billion 


. The actual population in 1960 was 


about 3 billion. The predicted popu- 
lation as stated in the article for the 
years 2025-30 is 8 billion. 

When rounded to the nearest bil- 
lion people, all three models predict 
the population in 1960 very well. The 
models diverge much more in predict- 
ing the population in 2025. The first 
exponential model, using a percent 
increase of 1.6%, is larger by 1 billion 
people, suggesting that 1.6% is too high 
a growth rate for these later years. 


. (a) Answers will vary but might indi- 


cate that the population will con- 
tinue to increase, although the rate 
of increase will fall until the popula- 
tion levels off at around 10 billion. 


(b) The results from question 3 sug- 
gest that the population growth 
rates have not remained constant. 
We would expect the predictions 
from the models to become less 
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Table 1 (“World Population”) 


er 
Time Interval | (Billions/Year) 


accurate as we predict values fur- 
ther and further in the future. 


5. (a) See figure 1 (“World Popula- 


tion”). 


(b) See table 1 (“World Population”). 
The growth rate starts small 
and then grows to reach a maxi- 
mum somewhere in the interval 
between 1960 and 2025. It then 
begins to slow down in the years 
following 2025. 


6. (a) The logistic curve in figure 2 


(“World Population”) fits the 
data very well, much better than 
either the exponential or the lin- 
ear model. 


(b) The logistic model better repre- 
sents this scenario. For both an 
exponential and a linear model, 
as x gets larger, y also gets larger. 





Fig. 2 (“World Population”) 


Since we know that a population 
cannot experience unbounded 
growth and the logistic model lev- 
els off at close to 14 billion people, 
it is the best model for these data. 


“Facebook Mathematics” answers 


1. (a) Let F(n) represent the number 
of Crystal’s friends and let n rep- 
resent the number of months. 
We know that the growth will be 
exponential, so we can model the 
situation as follows: 


F(n) = 5,000(1.025)" 
or, as a continuous growth function, 
F(n) = 5,000e°°”". 


(b) Evaluate F(n) when n =12 
(12 months from now): 


F(n) = 5,000(1.025)”” = 6,724 
or 
F(n) = 5,000e°*= 6,749. 


Therefore, Crystal will have approxi- 
mately 6,724 or 6,749 friends 


12 months from now, depending on 
which growth model we use. 


(c) Find n when F(n) = 10,000 (when 
Crystal has doubled her current 
number of friends). We use F(n) = 
5,000 (1.025)". The analysis is simi- 


lar for the continuous growth model: 


10,000 = 5,000(1.025)" > 


2= 1.025" 5 
log 2 = nlog 1.025 > 
n = 28.07 


Therefore, Crystal will have double 
the number of her current friends 
(achieving 10,000 friends) in about 
2 years and 4 months (28 months) 
from today. 


. We compute the number deleted: 


5,000 — 1,578 = 3,422. 


(a) The deletion rate per hour equals 
number deleted _ 3,422 
hr. spent working a 


= 489 friends/hr. 





(b) The deletion rate per minute 


equals 
number deleted — 3,422 


min. spent working 760 





= 8 friends/min. 


Therefore, Crystal’s deletion rate 
is about 489 friends per hour or 
about 8 friends per minute. 


. Crystal would have to look at each of 


her 5,000 friends as she considered 
whether to keep or reject each. The 
total time available is 7 hours minus 
the 50 minutes of breaks—that is, 

6 hours and 10 minutes—which equals 
370 minutes, or 22,200 seconds. The 
average time spent per friend is 


22,200 sec. 


mccoy ier 
5,000 friends 


Therefore, Crystal considers each 
friend for about 4.44 seconds before 
accepting or rejecting each. 


4. (a) Before deletions: 


5,000 friends - 73 e-mails/friend 
= 365,000 e-mails 


(b) After deletions: 


1,578 friends + 73 e-mails/friend 
= 115,194 e-mails 


Therefore, on that day Crystal 
would have received 365,000 e-mails 
if she had 5,000 friends or 115,194 
e-mails if she had 1,578 friends 
(either of which would fill up any 
e-mail box). 


. (a) 5,000 friends - 0.27 = 1,350 
e-mails. Therefore, she would have 
received 1,350 e-mails that day. 


(b) If it takes Crystal 1 minute to 
review each e-mail, then it will 
take her 1,350 minutes to review 
all the e-mails. The problem with 
this approach is that it does not 
consider time spent eating, sleep- 
ing, and doing other vital activi- 
ties during the 1,440 minutes of 
each day. So, realistically, Crystal 
does not have time to deal with all 
the e-mails. 


(c) If Crystal works for 18 hours 
per day on e-mails, she would 
have 18 hr./day - 60 min./hr. = 
1,080 min./day to work on 
e-mails. Therefore, she would fall 
behind by 1,350 min. — 1,080 min. 
= 270 min./day. 


RYAN BRYDGES, ryan 
-brydges@st-clair.net, who 
submitted “World Popula- 
tion Soon to Hit 7 Billion,” 
teaches at Lambton Col- 
lege in Sarnia, Ontario. He 
is interested in using real- 
world situations to help 
students learn and apply mathemati- 
cal concepts. KEVIN WEBSTER, kevin 
BNSC TeCL te Rel Roe Me lias 
"Facebook Mathematics,” teaches 
mathematics, chemistry, and phys- 
ics at Gananoque Secondary School 
in Gananoque, Ontario. He previously 
worked as an engineer in the automo- 
baa cl CLeco Mae LL (soe 
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Going with the Grain 


Photograph 1 
ame 
TT Cd em edt) 





Rice farmers in South Sikkim, India, 
might not think about sinusoidal func- 
tions when they plant and work in their 
paddies, but the beautiful patterns of the 
rice terraces on the Himalayan moun- 
tainsides recall the shape of trigonometric 
graphs (see photograph 1). The paths of 
the tea plantation seem to follow sinusoi- 
dal curves as well (see photograph 2). 


Mathematical Lens uses photographs as a 
springboard for mathematical inquiry and ap- 
pears in every issue of Mathematics Teacher. 
All submissions should be sent to the depart- 
ment editors. For more background informa- 
tion on Mathematical Lens and guidelines 
for submitting a photograph and questions, 
please visit http://www.nctm.org/publications/ 
content.aspx?id=10440#lens. 


Edited by Ron Lancaster, ron27i8@nas 
.net, University of Toronto, ON, Canada, and 
Brigitte Bentele, brigitte bentele@trinity 
schoolnyc.org, Trinity School, New York, NY 





Photograph 2 
Temi Tea Plantation, 
South Sikkim, India 


BRIGITTE BENTELE 


. The Geometer’s Sketchpad® version 


of the rice fields in photograph 1 
shows five sinusoidal functions (see 


fig. 1). 


(a) Discuss the similarities and the 
differences between the functions. 


(b) What transformation—transla- 
tion, rotation, dilation, or reflec- 
tion—must be performed on 
f(x) to obtain one of the other 
curves? 


(c) Determine an equation for each 
function. 


. Figure 2 shows the graphs of y = 


sinx, y=cosx, and y=sinx+cosx. 
Notice that all three curves are sinu- 
soidal functions; for example, 

y =sinx + cosx can be written as y= 
Asin(Bx + C). Find A, B, and C. 
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. The sum of a sine and a cosine func- 
tion of the same period is itself a sinu- 
soid. In the questions that follow, you 
will explore the possibilities when 

the periods of the two functions are 
different. 


(a) Consider the function y = sinx + 
cos(2x). Is the graph sinusoidal? 
Is 1t periodic? 


(b) What is the period of y = sin(2x) + 
cos(3x)? 


(c) What is the period of y = sin(x/2) 
+ cos(x/3)? 


(d) In general, what is the period of 
the function y = sin(Bx) + cos(Cx) 
where B and C are both positive 
rational numbers? 


BRIGITTE BENTELE 





(e) Now consider the function y = F 
sin x + cos(2zx). Is it periodic? 
Why or why not? 


. The sine and cosine curves shown 

in figure 1 have sinusoidal axes that 
are parallel to the x-axis. A constant 
added or subtracted from a sinusoidal 
function causes its graph to move up 
or down, respectively, while remain- 
ing parallel to the original sine curve. 
Consider what happens when this 
constant is replaced by a nontrigono- 
metric function of x. 








(a) Graph y=x+sinx. Is this func- 
tion periodic? Why or why not? Fig. 1 Five sinusoidal functions can be entered in GSP. 


ate 
x 
‘Se 
7 211 317 
ple 


Fig. 2 The green curve, y = sinx + cosx, is the sum of the red and blue curves. 








(b) Graph y = |x| + sinx. Is this func- 


tion symmetric with respect to the 
y-axis? Why or why not? 
eee. ; 1 Lon 
(c) Graph y = 2* + sinx. Describe and 
x 











explain the behavior of the graph. 
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MATHEMATICAL LENS solutions 


1. (a) The graphs have the same ampli- 
tude, 1, and the same period, 27, 
and are parallel to each other. 
However, the sinusoidal axis is 
different for each graph. (The sinu- 
soidal axis is a line parallel to the 
x-axis midway between the high 
and low points of the sinusoid.) 


(b) The transformation is a transla- 
tion of f(x) either up or down. 


(c) There are many possibilities here, 
the most obvious of which are h(x) 
=cosx + 4; g(x) = cosx + 2; f(x) = 
cosx; q(x) =cosx = 2; and r(x) = 
cosx — 4. These equations could 
also be written using sine instead of 
cosine, such as f(x) = sin(x + 7/2). 


. We want y = sinx + cosx to equal 

y = Asin(Bx + C). We first notice that 
the curves have the same period and 
therefore that B= 1. To find A and C, 
we use the identity for the sine of the 
sum of two angles: y = Asin(x + C) = 
A(sinx cos C + cosx sin C), which 
must equal y=sinx + cosx. We set the 
coefficients of sinx and cosx equal 
and then solve the simultaneous equa- 
tions for A and C. Thus, AcosC= 1, 
and Asin C= 1. We divide the equa- 
tions to obtain Asin C/(A cos C) = 1, 
making tan C= 1 and therefore 
C=n/4. Substituting, we obtain 


Ve ae 


cs() 


Therefore, the equation is 


T 
= y2sin| x+— |}. 





3. (a) Figure 3a shows the graph of 


y =sinx + cos(2x) on the interval 
|-72/2, 7x/2]. A periodic function 
satisfies the equation f(x) = 

f(x +p) where p is the period. 
This function is periodic, with a 
period of 27. 

















f(x) =sin(2- x) + cos(3- x) 











(b) Figure 3b shows the graph of 
y = sin(2x) + cos(3x) on the inter- 
val [-77/2, 7/2]. Its period is 27. 


(c) Figure 3c shows the graph of 
y = sin(x/2) + cos(x/3) on the 





interval [-9z, 97]. Its period is 127. 


(d) The period of y= sin(Bx) + 
cos(Cx) is the least common 
multiple of the period of each of 
the functions being added. The 
period of y = sin(Bx) is 27/B, and 
the period of y = cos(Cx) is 27/C. 
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al Hes) = xa(5| + co] 


2 3 


Fig. 3 One way to approximate a period is to look for matching x-intercepts. The graph in (a) has 
x-intercepts at 2/2 and 57/2; in (b) at 2/2 and 32/2; and in (ec) at -1z/2 and 1327/2. 


Then the period of y = sin(Bx) + 
cos(Cx) is the least common mul- 
tiple of 27/B and 27/C. 


(e) The graph of y = sin.x + cos(2zx) 
is not periodic. The period of 
y=sinx is 27, and the period of 
y = cos(2zx) is 1. The least com- 
mon multiple of two numbers a 
and b, LCM(a, b), is defined as 
the smallest positive number for 
which there exist integers m and 
n such that am = bn = LCM(a, b). 
Thus, there can be no least 





f(x) = x+sin(x) 
+ + + + + + 





T 2n 30 


Fig. 4 The function y = x + sinx is not periodic. 


common multiple of a rational and 
an irrational number. 


4. (a) Figure 4 shows the graph of 
y=x+sinx on the interval [-3z, 
32]. This function is not periodic 
because the sine curve “climbs up” 
the line y =x. There is no value of 
p for which f(x) = f(x + p). 


(b) Figure 5 shows the graph of 
y = |x| + sinx on the interval 
[|-57, 42]. This function can be 
defined piecewise as y = -x + sinx 
for x <0 and y=x-+ sinx for x20. 
The two branches of the function 
are not symmetric with respect to 
the y-axis. 


(c) Figure 6 shows the graph of y= 
2*+ sinx on the interval [-9z, 37]. 
The range of y = sinx is [-1, 1]. 
For negative values of x, 2" is less 
than 1, and the graph is dominated 
by the behavior of the sine curve. 
For positive values of x, 2" grows 
rapidly and dominates the graph, 
which shows little effect of the 
addition of the sine values. 





For a photograph for your 
own mathematical questions, 
download one of the free 
apps for your smartphone 
and then scan this tag to ac- 
cess www.nctm.org/mt040. 






























f(x) = 2* + sin(x) 











Fig. 6 This function is not periodic. 
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PREPARE POR 
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The potential drop in reported state proficiency rates when the new 
CCSSM assessments are implemented will require adjusted expectations. | 


Matthew R. Larson and Steven Leinwand 


ducators in forty-five states and the District 

of Columbia are hard at work interpret- 

ing and implementing the Common Core 

State Standards for Mathematics (CCSSM) 

(CCSSI 2010). This work typically involves 
teacher participation in professional development 
activities focused on developing an understanding 
of the content standards as well as the standards 
for mathematical practice. Across the country, 
educators are also analyzing the model content 
frameworks, item prototypes, and achievement 
level descriptors being released by the two national 
assessment consortia: The Partnership for Assess- 
ment of Readiness for College and Careers (PARCC) 
and Smarter Balanced Assessment Consortium 
(SBAC). Although mathematics teachers still have 
to prepare their students for current state assess- 
ments, many educators are beginning to ask—with 
justifiable anxiety, given the consequences attached 
to student performance—how their students might 
perform when the new assessments are first admin- 
istered in the 2014-15 school year. 


PREDICTING PARCC AND SBAC RESULTS 
Results will ultimately depend on a variety of 
factors, including how PARCC and SBAC per- 
formance standards required for proficiency will 
be set. However, there is strong evidence that 
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educators nationwide should expect significant 
reductions in the percentage of students deemed 
proficient when compared with the proficiency 
rates currently reported by states using their own 
assessments. 

A case in point is the nagging concern that dur- 
ing the No Child Left Behind era nearly all states 
set low proficiency standards, as evidenced by the 
discrepancy between the proficiency percentage 
reported on the National Assessment of Education 
Progress (NAEP) and those reported by individual 
states. For example, in 2009 only Massachusetts 
had a state standard for proficient performance in 
grade 8 mathematics equivalent to the NAEP stan- 
dard (Bandeira de Mello 2011, p. 13) (see fig. 1). 
Every other state’s standard for proficient perfor- 
mance on its state assessment is lower than the 
NAEP standard and results in somewhat to signifi- 
cantly higher reported rates of proficiency. 

A report prepared by the American Institutes 
for Research (AIR) (Phillips 2010) compared the 
mathematics proficiency standards in each state 
with the international benchmark used in the 
Trends in International Mathematics and Science 
Study (TIMSS). Comparing current state profi- 
ciency standards with international benchmarks 
is instructive because one criterion for the devel- 
opment of the Common Core State Standards for 








aware of and clearly understand the reasons behind 
the potential drop in proficiency rates and begin to 
educate their school leaders about this likelihood. 
What should the key messages be? The critical 
message, no matter how difficult it is for many peo- 
ple to accept, is this: Most states have set relatively 
low performance standards, and current proficiency 
rates reported under No Child Left Behind do not 
adequately reflect what students need to know and 
be able to do in mathematics to compete interna- 
tionally (Phillips 2010). Exacerbating the problem 
is the fact that most state assessments under No 
Child Left Behind have a propensity to assess 
mathematical skills in isolation at a low-level depth 
Fig. 1 This graph shows NAEP scale equivalents of state grade 8 mathematics standards of knowledge (Herman and Linn 2013) and have 
not assessed mathematical processes in addition to 


NAEP Equivalent Score 





A Inferences based on estimates with relative error greater than 5 may require additional evidence. 





be Bandeira de Mello (2011) 





for proficient performance by state in 2009. 


Mathematics was that the standards be internation- 
ally benchmarked. 

Eighth-grade mathematics proficiency as 
reported by states under the requirements of No 
Child Left Behind in 2007 can be compared with 
an estimate of percentage proficient if the states 
had used a high but not advanced internationally 
benchmarked common standard. This comparison 
showed that the mean eighth-grade state mathemat- 
ics proficiency rate would drop from 62 percent to 
29 percent and would drop in each of the forty-eight 
states included in the study with the exception of 
Massachusetts and South Carolina (Phillips 2010). 

During the 2011-12 school year, Kentucky 
administered its new K-PREP statewide assess- 
ment, which was designed to be representative of 
the Common Core State Standards. At the middle 
school level in 2010-11, Kentucky reported 65 per- 
cent of students proficient in mathematics, but that 
figure dropped to 40.6 percent proficient under the 
new assessment in 2011-12 (Ujifusa 2012). This 
drop is similar to the mean estimated drop in the 
AIR report and, taken together with the other sta- 
tistics, may indicate that most states will experience 
a significant drop in their mathematics proficiency 
rates when the new assessments are implemented. 


PREPARING FOR THE LIKELIHOOD 

OF LOWER PROFICIENCY RATES 

Given these expected and, in some cases, significant 
drops in the percentage of students deemed profi- 
cient, educators at the state, district, and building 
levels must begin the process of preparing stakehold- 
ers for this likelihood to mitigate the panic and over- 
reaction that might occur when results of the new 
assessments are released for the first time in 2015. 
Many school and district leaders have neither the 
time nor the subject-matter expertise to anticipate 
and appreciate the nuances of these new results. 
Thus, classroom mathematics teachers need to be 
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content as outlined in the CCSSM. In other words, 
current state proficiency rates under No Child Left 
Behind in many states inflate students’ true level 
of mathematical understanding when measured 
against an international performance standard that 
defines mathematical proficiency in terms of con- 
nected mathematical understandings and processes 
in addition to procedural skills. We need to confront 
this fact and move forward from a new but more 
realistic baseline of student achievement. 

Additional actions and important messages that 
need to be developed, communicated, and taken 
include the following: 


¢ Comparisons to past scores on state assessments 
will have little value. Results of PARCC and 
SBAC will reflect the performance of a new 
assessment, with new standards, set to a higher 
performance standard. 

e States and school districts that have adopted 
teacher evaluation systems tied to student per- 
formance on assessments will need to consider 
that any decrease in the percentage of proficient 
students as measured by PARCC or SBAC is 
likely due to a change in the performance stan- 
dard under the new assessments and not to a 
decrease in instructional effectiveness. 

e Because many states still use paper-and-pencil 
assessments and the new assessments will be 
administered through a digital platform, mathe- 
matics teachers will need to provide students with 
experience taking mathematics assessments online 
to prevent any potential drop in performance due 
to the change in the assessment platform. 

¢ School boards and the public need to understand 
that improvement in proficiency rates under 
the new assessments will take time. Meaningful 
improvement in teaching and learning is a complex 
endeavor that will take time and support to achieve. 

e Because it will take time to implement the 
CCSSM and for students to develop the habits 


of mind outlined therein, mathematics teachers 
cannot wait until 2014-15 to begin the process. 
It can begin immediately, and if teachers work 
collaboratively to interpret and implement the 
CCSSM (Kanold and Larson 2012), mathematics 
teachers can successfully begin the process even 
before schools or districts begin formal imple- 
mentation efforts. 

e Adopting higher content standards and setting a 
higher performance standard are essential if we 
are to give our students the opportunity to learn 
the mathematics that they need to become pro- 
ductive members of society and to compete in a 
marketplace that is increasingly global in nature. 

e Parents will need to hold their students “to the 
highest standards that push them out of their 
comfort zones” (Friedman and Mandelbaum 
2011, p. 124). Unless students engage in meaning- 
ful mathematical work, both inside and outside 
school, the goals of higher achievement under the 
CCSSM will be impossible to achieve. Mathemat- 
ics teachers can immediately begin to share this 
message with parents through curriculum nights, 
parent-teacher conferences, and newsletters. 


PERSEVERANCE ISN'T 
JUST FOR STUDENTS 
If the results of the new assessments of the CCSSM 
result in lower proficiency rates, many knee-jerk 
reactions may occur. It will be easy for teachers 
to become discouraged. It will be easy for school 
administrators to overreact and implement counter- 
productive practices in an effort to find quick fixes. 
It will be easy for school board members to remove 
school leaders to demonstrate that they are taking 
action. It will be easy for parents to believe that 
their child’s school is failing. It will be easy for busi- 
ness leaders to use lower scores to point to the “fail- 
ure” of the educational system. And it will be easy 
for policymakers to declare the CCSSM a failure. 
None of these reactions is likely to be helpful or to 
improve the teaching and learning of mathematics. 
Standard for Mathematical Practice 1 states that 
students will “make sense of problems and perse- 
vere in solving them” (CCSSI 2010, p. 6). The stan- 
dards for mathematical practice are processes that 
students are expected to engage in as they learn the 
content standards. However, we need to recognize 
that to achieve the vision of higher mathematics 
achievement for all students, perseverance will be 
a critical attribute not only for students but also for 
the entire system. All those involved in educating 
students and with an interest in their success will 
need the perseverance and courage to accept that 
previous scores were artificially high and work 
from a new baseline to support better teaching and 
learning for all students. 
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Graphing the polar function on a rectangular 
plane simplifies graphing, increases student 
understanding, and reinforces connections. 





f you teach mathematics long enough, you will probably get the 
opportunity to show students how to graph polar curves. This 
can be a daunting task. Some aspects of the polar coordinate sys- 
tem are easy for students to master, whereas others are very dif- 
ficult. Graphing calculators can quickly produce magical-looking 
polar curves. However, if students do not have a solid understanding 
of the underlying principles, the curves on the calculator display are 
just that—magic. 

Graphing polar curves typically involves a combination of three 
traditional techniques, all of which can be time-consuming and 
tedious. However, an alternative method makes producing a polar 
curve relatively simple, increases students’ understanding of the 
polar coordinate system, and reinforces graphing techniques learned 
earlier in trigonometry. 

Before attempting to graph polar curves, students should be taught 
the fundamentals of the polar plane—for example, the vocabulary, 








CNita at cosiice) 


0| 0 
n/6| 0.5 
n/4) 1 
n/3| 1.5 
n/2| 2 

2n/3 | 1.5 
3n/4| 1 
Sx/6 | 0.5 

x| 0 

Tn/6| 0.5 
Sn/4| 1 
4x/3 | 1.5 
3n2| 2 
Sx/3 | 1.5 
7x/4| 1 
11x/6| 0.5 
2x} 0 





(a) 


the clockwise measurement of positive angles, how 
to plot points. Students should see enough demon- 
stration and should practice enough so that they 
are proficient at plotting any polar point, including 
positive and negative values for both the radius, r, 
and the angle, 6. Learning to plot points is a crucial 
step in helping students understand the polar coor- 
dinate system. Once ample time has been devoted 
to helping students develop this essential skill, they 
are prepared to learn how to graph polar curves. 
We will look first at traditional techniques and then 
introduce an alternative method that both incorpo- 
rates and improves on these. 


TRADITIONAL TECHNIQUES: TABLE OF 
VALUES, SYMMETRY, AND MEMORIZATION 
Making a table of values is a good initial approach 
when learning to graph any new function. The 
same is true when learning to graph polar curves. 
Students begin by making a table of values for 0 
and r and then selecting values of 8 to substitute 
into the polar function. The function is then evalu- 
ated to find the radius for each angle. Common 
angles (such as 7/6, 2/4, 2/2, and their multiples) 
are often used. When the table is complete, students 
plot the points on the polar plane as (r, 0) pairs and 
connect them in sequence to create the polar curve. 
We will use the polar function r= 1 — cos(26) to 
demonstrate this technique (see fig. 1). 

Depending on the complexity of the function, 
students may need to choose as few as eight or as 
many as several dozen values of 6 to produce an 
accurate graph. Students may also find that using 








(b) 
J 





Fig. 1 The color-coded points in the table (a) have been graphed, producing the 
polar curve r = 1- cos(2@) (b). 
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only common angles does not provide a complete 
picture. They may need to fill in the gaps in their 
table (and their graph) by adding less common 
angles, such as 7/12, 2/8, and so on. In addition, 
students must not only choose appropriate values 
of @ but also correctly evaluate the function for 
each angle they choose. A single calculation error 
can severely distort the graph and lead to frustra- 
tion. Producing a curve using this technique can 
also take a great deal of time, causing some students 
to become discouraged and to fail to see the value of 
the polar coordinate system. Graphing polar curves 
using this technique is often more an exercise in 
perseverance than a discovery. However, students 
should see at least two or three examples of graphs 
created by using a table of values. 

After graphing a few polar curves using a table 
of values, students typically look for an easier 
technique. A calculator could be used to create 
the table, but students still need to plot the points. 
Moreover, if they use their calculators to produce 
the points, many will simply push a few more but- 
tons to produce the graph. This approach robs them 
of a valuable opportunity to make their own con- 
nections and discoveries. Using a calculator is prob- 
ably more appropriate once students have a fuller 
understanding of how polar curves are formed. Of 
course, the teacher can always decide at what point 
and to what degree a calculator should be used to 
improve and speed any exploration or calculation. 

Two additional techniques can reduce the num- 
ber of points that need to be plotted to produce a 
complete graph. One technique is to check for one 
of three types of symmetry on the polar plane. By 
checking for symmetry with the polar axis, the 
line 6 = 7/2, and the pole itself, students can plot a 
small number of points and then use symmetry to 
produce the remainder of the curve. Checking for 
symmetry can be a difficult process. For example, 
one test for symmetry with the line 0 = 77/2 is to 
replace 0 with z - @ in the polar equation and then 
simplify. If an equivalent expression results, the 
curve is symmetric with the line 6 = 7/2. 

Let’s look at a typical example that might be 
used to demonstrate the usefulness of symmetry. 
When graphing the cardioid r= 1 — sin@, we first 
check for symmetry. We notice that if we replace @ 
with z— 0, we get the following: 


r=1-sin(z — 6) = 1-[sinzcos@ — coszsin6] 
1—[0+cos@ —(-1)+sin6] 
= 1-sin0@ 


Because replacing 6 with z—@ inr=1-sin@ 
yields an equivalent expression, the curve is sym- 
metric with the line 6 = 2/2. Thus, we can construct 


a table of values for angles in quadrants I and IV, 
plot them on the polar plane, and then use symme- 
try to produce the rest of the curve (see fig. 2). 

Finding symmetry reduces the number of points 
needed to plot a complete curve and also provides a 
good application for trigonometric identities. How- 
ever, it is a challenging task, especially if students 
check for all three types of symmetry. In addition, 
asking students to understand symmetry of polar 
curves before they have a great deal of experience 
using them is a stretch for most students. 

The final traditional technique is to memorize 
the general form of the equations that produce the 
standard polar curves that appear in most textbooks: 
circles, roses, limacons, cardioids, and lemniscates. 
This approach involves memorizing how different 
trigonometric functions, coefficients, operations, 
and arguments produce various polar curves so that 
they can be recognized and graphed quickly. For 
example, students might memorize how to deter- 
mine the number of petals a rose will have or the 
difference between a limacon and a cardioid. 

Consider the following descriptions. Roses are 
typically produced by equations of the form 
r=acos(n@) or r=asin(n@) where a, n# 0. If 
n is even, the rose has 2n petals. If n is odd and 
not equal to +1, the rose has n petals. In contrast, 
equations such as r= a—bcos@ produce a limagon 
with an inner loop when 0 < a< bh. However, if 
0 <b<a, the same equation produces a limacgon 
with no inner loop. Committing to memory the 
characteristics of the standard polar equations and 
the curves they produce can be overwhelming. 

The traditional techniques of using a table of 
values, symmetry, and memorization can be valu- 
able tools when working with polar curves. How- 
ever, the arduous nature of these techniques can 
deter even the best students from developing a solid 
understanding of polar curves. Many students fail 
to make the connection between the characteristics 
of the polar equation (amplitude, period, maximum 
radius, zeros, etc.) and the polar curve produced by 
that equation. The techniques are often just more 
memorization, tedious calculations, and uncon- 
nected skills. Having students use calculators for 
exploration, prediction, and discovery of polar 
curves can be fun, quick, and useful, but their fun- 
damental understanding of the polar graphing pro- 
cess might still be left incomplete. 


AN ALTERNATIVE METHOD: 

GRAPHING THE POLAR FUNCTION 

ON A RECTANGULAR PLANE 

An alternative method produces the correct graph 
in a simple and effective manner while improv- 
ing students’ fundamental understanding of how 
the polar coordinate system works. Further, this 
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Fig. 2 The blue points on the polar curve r = 1- sin@ are taken from the table (a); 
the black points are graphed by symmetry (b). 














(b) 





Fig. 3 The rectangular graph for r = 1- cos(2@) has been 
sketched and color-coded, and sixteen radii have been 
identified (a), producing the polar graph shown in (b). 
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Fig. 4 The positive and negative radii for r=1- 2cos@ 
have been color-coded, and nine points have been identi- 
fied (a); these have been plotted in the polar plane (b). 


method reinforces principles learned previously 
when graphing transformations of trigonometric 
functions. It involves graphing the polar function 
on a rectangular plane before graphing it on the 
polar plane (Essary 1982). 

Graphing the polar function in more familiar 
rectangular coordinates gives students the ability 
to quickly sketch nearly any polar functions that 
they might encounter, even those that would take 
a prohibitive amount of time if done by hand using 
traditional techniques. This method also allows stu- 
dents to visually determine critical characteristics 
of the polar curve and make connections to previ- 
ously learned graphing skills. Instead of producing 
a table of exact values, the alternative method uses 
rectangular graphing to produce a “picture” of all 
the values contained in such a table. We will start 
with the first example graphed earlier. 

To graph r= 1 —cos(2@) on the polar plane, we 
first graph r= 1 —cos(26) on a rectangular plane. 
We label the horizontal axis 6 and the vertical axis 
r. The values on the horizontal axis represent the 
angle to which students turn from standard posi- 
tion to plot the point; the values on the vertical axis 
represent the radius for the corresponding value of 
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Fig. 5 The rectangular graph for r = 2 clearly shows that 
the radius is always 2, regardless of the value of @ (a); 
transferred to the polar plane, the graph is a circle (b). 


0. This approach gives students a direct connection 
to the skills they learned when graphing trans- 
formations of trigonometric functions. The (9, r) 
points on the rectangular graph can then be plotted 
as (r, 9) points on the polar plane to produce the 
polar curve (see fig. 3). 

By examining the behavior of the graph in 
figure 3a on the interval from 0 to z radians (the 
blue portion of the graph), students can see that the 
radius increases from a minimum of 0 at @=0 toa 
maximum of 2 at @= 7/2 and then decreases to 0 
at 0= 7. When graphing the polar curve in figure 
3b, students can see that the blue petal is created 
as @ increases from 0 to z radians and that the 
radius changes from 0 to 2 and then back to 0. The 
formation of the red petal can be seen in a similar 
manner. After completing several graphs using this 
method, students find that they can graph each 
petal by identifying the zeros and the maximum 
radius of the function on the rectangular graph. 

Students can also look for similarities between 
quadrants. For example, in figure 3a the portion of 
the graph in quadrants II and IV behaves similarly 
to the portion of the graph in quadrants I and II, 
respectively. Once students graph the polar curve 








(b) 











(b) 

















Fig. 6 The rectangular graph for r = 2 - sin(6@) varies 
above and below r = 2 (a), producing the polar curve shown 
in (b). 


in quadrants I and II, they can quickly produce 

a similar shape in quadrants III and IV. “Seeing” 
these symmetries is often easier than checking for 
symmetry algebraically and can help students pro- 
duce a more accurate polar curve. 

All the radii in the rectangular graph shown in 
figure 3 are above the 6-axis—that is, the radii 
are positive—so they are graphed in the direction 
of the terminal side of 8, measured from stan- 
dard position. However, if the radii are below the 
@-axis—that is, if the radii are negative—then they 
are graphed in the direction opposite the terminal 
side of @ (i.e., in the direction of 6 + 7). 

The next example develops a better understand- 
ing of how more difficult polar curves are created. 
It also demonstrates the importance of the zeros of 
the rectangular function and the sign of the radius. 

Consider the polar function r= 1—2cos@. As 
an equation, this example looks similar to the 
first example: r= 1 — cos(2@). Looks, however, are 
deceiving; the curves, both rectangular and polar, 
are fundamentally different. 

In figure 4a, students can see that the radii 
below the 0-axis are negative and smaller than the 
radii above the 0-axis. These smaller radii are what 


Fig. 7 The magnitude, sign, and numbering of the color- 
coded portions of the rectangular graph of r = 1- 2 cos(4@) 
(a) helps obtain the polar graph (b). 


create the small inner “loop” (the blue portion) 
shown in figure 4b. The rectangular graph gives 
students the ability to quickly graph a reasonable 
sketch of the polar curve without getting caught 
up in the details of finding an exact value of @ or r 
at all but the most important points. Whether the 
zero radius, r, (see fig. 4a), occurs at 2/3 (the exact 
value) or at 32/8 (a convenient estimate) is not criti- 
cal to the overall shape of the polar graph (see 
fig. 4b). Finding such exact values can always be 
done when needed, rather than on every problem. 
This method of graphing has another advan- 
tage. When students have a quick, accurate way of 
sketching polar curves, they enjoy exploring how 
both standard and nonstandard polar curves are 
created. Consider the following examples. Students 
can see that for r= 2 in figure 5a, regardless of the 
angle, the radius is always 2, so a circle of radius 2 
centered at the pole is formed in figure 5b. By 
combining the simple function in figure 5a with 
sin(66) to obtain r= 2 —sin(6@), students can 
quickly produce the graph in figure 6a. They can 
see that the radius begins with a value of 2 at 0=0 
but then varies from 1 to 3 in a sinusoidal fashion. 
This variation creates the polar curve in figure 6b 


Vol. 106, No. 9 * May 2013 | MATHEMATICS TEACHER 665 











r r = 9sin20 





r=V9sin20 , 











(a) 























(b) 








(b) 











Fig. 8 Students combine the color-coded portions of the 
rectangular curve r = 4cos(@/2) (a) with those of the polar 
curve (b). 


and can help students understand how changes in 
the radius influence the shape of the polar curve. 
Using a rectangular curve with some points 
below the 6-axis, as in the next example, students 
can see how the magnitude and sign of the radius 
determine why the curve is graphed where it is. 
Consider the equation r= 1 — 2cos(40). The cor- 
responding numbered segments have been added to 
figure 7 to help identify important features. 
Recently, after just three examples had been pre- 
sented to teach this method to a trigonometry class, 
students suggested that we try graphing a curve I 
had never considered: r= 4cos(0/2). The students 
easily identified the amplitude (4 units) and the 
period (47 units) of the function and quickly pro- 
duced the graph in figure 8a. With little previous 
practice using this method, most students were able 
to produce the graph in figure 8b. Some students 
stopped the polar graph at 27 but were eventually 
able to see why their graph was not complete. 
Lemniscates, which are of the form r= a’sin(26) 
or r= a’cos(26), can be problematic for students. 
Determining how and why these equations make 
the shapes they do can be difficult to understand 
even with the aid of a graphing calculator. Using 
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Fig. 9 The rectangular graph of r = 9 sin(2@) helps students 
quickly sketch the graph of r = V9sin(26) (a); the blue portions 
are graphed to produce the polar curve r= 9 sin(28) (b). 


a rectangular graph of the polar equation can help 
make the behavior and intricacies of lemniscates 
more Clear. 

For instance, to produce the polar curve for the 
relation r = 9 sin(26), we begin by removing the 
square and graphing the function r= 9 sin(26), 
shown as the black graph in figure 9a. Taking 
the approximate square roots of the function 
values of r= 9sin(26) produces the blue graph 
(r =+V9sin(20)) (see fig. 9a). The coordinates of 
the points on the blue graph can then be trans- 
ferred onto the polar plane to produce a complete 
polar curve (see fig. 9b). Note that because the 
function values of r= 9 sin(20) are negative on the 
intervals (2/2, 2) and (37/2, 27), taking the square 
root would yield nonreal solutions. Therefore, no 
points are graphed on the polar plane for these val- 
ues of 6 (i.e., @-values in quadrants II and IV). 

On further analysis, we realize that because the 
polar equation r* = 9sin(26) is a relation, we should 
also account for negative solutions when taking the 
square roots of the function r= 9 sin(26). Doing so 
produces the red graph (r = -V9sin(26)) shown in 
figure 10a. For a given value of 6, the radii for the 
blue and the red graphs in figure 10a differ only 
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Fig. 10 The rectangular graphs of r = 9sin(2@) and 
r = +V9sin(26) (a) can be sketched quickly and then 
regraphed in polar coordinates (b). Because the blue 
and red graphs in (a) differ only in sign, the curve 

r? = 9sin(26) is traced twice on [0, 27]. 


by their sign; thus, transferring the blue and the 
red coordinates between the angles of 0 and 2/2 
produces the entire polar curve. That is, between 0 
and 2/2, the positive blue radii produce the petal in 
quadrant I, whereas the negative red radii produce 
the petal in the opposite direction (quadrant It), 
seen in figure 10b. 

Continuing to plot coordinates through 27 will 
show that each petal is traced twice, once in red 
and once in blue. Because of this retracing, plotting 
both positive and negative radii for each angle is 
not required to produce this particular polar curve. 
However, depending on the relation and the period, 
both positive and negative radii may be necessary 
to produce a complete graph. Although not a lem- 
niscate, another relation, r = 9 sin(36), provides a 
good opportunity for exploring the complex behav- 
ior of this type of polar curve. 

Numerous characteristics of polar curves can 
be observed and learned using this rectangular 
method. In addition, advanced questions can be 


explored. For instance, does using angles from 0 
to 27 always produce a complete polar curve? If 
not, what interval will? How should the 6-axis be 
scaled to make plotting the polar curve easier and 
more accurate? What are the maximum and mini- 
mum radii, and at what angles do they occur? How 
would a phase shift affect the polar curve? Calculus 
students could explore the question, Where do two 
polar curves intersect? Once students understand 
polar curves, they enjoy applying their knowledge 
to explore the answers to such questions. 

The traditional techniques of plotting points, 
symmetry, and memorization are useful tools; 
they are a vital part of understanding polar curves. 
However, graphing the polar function on the more 
familiar rectangular plane removes much of the 
drudgery of the other techniques and gives stu- 
dents the ability to produce accurate polar curves 
quickly and easily. It also builds on other graphing 
techniques that they have previously learned and 
increases their understanding of the polar coordi- 
nate system. This increased understanding allows 
students to explore and discover fundamental prop- 
erties of the polar system that may be too difficult 
otherwise. 


REFERENCE 

Essary, Alice. 1982. “Rectangular Aids for Polar 
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13 (3): 200-203. 


Editor’s note: For more on polar graphing, 
see “Exploring Polar Curves with GeoGebra,” 
by Tuyetdong Phan-Yamada and Walter M. 
Yamada II (Technology Tips, MT Oct. 2012, 
vol. 106, no. 3, pp. 228-33). 
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Processes using linear measurement can be adapted 
to teach complex topics such as polynomial multiplication, 


rational exponents, and logarithms. 


Elliott Ostler 


nce upon a time every advanced alge- 
bra or calculus textbook included 
tables of logarithms. This was a time 
when instant access to the numbers 
they contained was important for 
computations related to exponents and exponential 
functions and there was no other efficient way to 
complete these calculations. Since then, digital tech- 
nologies have made doing logarithmic calculations 
by hand obsolete. Although computing logarithmic 
values with a calculator represents an appropriate 
use of technology, the removal of tables or loga- 
rithms from textbooks has meant the loss of an 
important mathematical context. 

Logarithms are still important to learn but now 
for a different reason. The need to multiply num- 
bers using logs has certainly diminished, but other 
applications of exponential and logarithmic func- 
tions remain important, particularly those relat- 
ing to topics such as radioactive decay, bacterial 
growth, acidity levels in chemical solutions, and 
even population dynamics. Given that logarithms 





are still a critical part of the secondary school cur- 
riculum, students should know how they were orig- 
inally generated and used for computation. They 
should be able to see how logarithm tables were 
organized and used and that the tables were derived 
from ideas as basic as linear measurements. 

I am not suggesting that students should go back 
to a less efficient method of computation, but the 
ability to examine log values in tabular form helps 
develop and refine information about the incremental 
and predictable nature of logarithms. Patterns such as 
linear progressions in vertical columns and product- 
sum relationships can be discovered in the logarithm 
table values, and investigating those patterns helps 
provide context for the broader topic of logarithms. 
Seeing the numbers organized in tabular form allows 
us to consider a bigger picture and is important inas- 
much as a graph is important in creating information 
about the y-values of a function at specific values of 
x. Without these numeric and graphical contexts, 
students are often left wondering whether the values 
provided by the calculator are correct. 
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With a humble admission that we are traveling 
down a well-researched road, we will assume that 
there are still some interesting things to discover 
along the way and take a step back in time to con- 
sider logarithms within a context that everyone 
knows: the ruler. The impulse to measure things 
is a natural one, and we practice the concept early 
in our lives, but have students ever considered that 
logarithm values can result from physical measure- 
ments? Of course, this possibility makes sense, 
given that the tables were originally developed 
without the use of modern technology. Specifically, 
this article demonstrates two interesting applica- 
tions of how logarithms relate to measurement: 

(1) as a method for multiplying whole numbers 
using number lines; and (2) as a way to calculate 
rational exponents by measurement. 

The applications of logarithms can be confound- 
ing to students because logs appear in a somewhat 
mysterious and less familiar kind of notation. As 
mathematics instruction slowly transitions from 
the “how” to the “why,” we are able to observe stu- 
dents’ discomfort with logarithm-based questions 
that require more than procedural fluency, such 
as those relating to compound interest on a bank 
account or calculating the intensity of an earth- 
quake. From a typical chapter on logarithms, stu- 
dents are expected to apply the rules of logs, expand 
or condense algebraic expressions involving loga- 
rithms, and solve equations involving logarithms. 
Students are also often instructed that logarithms 
represent exponents and that the logarithm nota- 
tion denotes the inverse of an exponential func- 
tion. But even if students can conquer mechanical 
fluency, many still are confused about what all the 
procedures really mean and how the logarithm 
concepts can be recognized and applied in more 
advanced mathematics or in other disciplines such 
as physics, biology, or chemistry. 











Fig. 2 This example illustrates x* + x® = x”, 
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ADDITION WITH A SET OF NUMBER LINES 
If we begin with a basic and familiar form of geo- 
metric addition using an addition nomograph, a 
logical transition to the rules of exponents and 
logarithms emerges. A nomograph is simply a set 
of number lines that work side by side to illustrate 
a geometric method of adding. Considering the 
conceptual diagram representing the three number 
lines in figure 1, note how a transversal passing 
through any two addends on the outside number 
lines crosses the middle line at the sum. 

Let’s examine how this nomograph works. 
Because the middle line (where we find the sum) is 
halfway between the lines where the two addends 
are located, the distance along the middle line to 
the point where the result is found is essentially 
the average of the distances along the outer lines. 
The average of 3 and 7 is (3 + 7)/ 2, or 5. Because 
the sum of 3 and 7 is twice the average of these 
numbers, the points on the middle line then need to 
have numeric values twice as large as those on the 
outer lines to show an accurate sum. 

Students generally think that a nomograph is a 
“cool” way of seeing addition geometrically, espe- 
cially because their early experience with geometric 
addition typically consists of using a single num- 
ber line and adding or subtracting by counting to 
the right or left. Students who often still struggle 
with fraction operations will ask whether the same 
procedure can be used with addition and subtrac- 
tion of fractions. With a little exploration, students 
discover (usually without being told) that they can 
count by halves or fourths on each number line 
instead of using integer units, thus making the same 
process work for fractions. Of course, there is noth- 
ing magical in this computation or even in how it is 
represented, but watch how the concept evolves. 


GRAPHING EXPONENTS AS DISTANCES 

A follow-up question after students discover the 
fraction nomograph is, Can a similar nomograph 
technique be used for multiplication? The answer 
becomes clear as students realize that the multi- 
plication process is essentially based on addition. 
Students should recall from earlier algebra that 

x" + x" =x" where the variables n and k represent 
real-number exponents. This algebraic property 
provides a process for multiplying algebraic quanti- 
ties with the same base by adding exponents, so 
let’s look at how that process is developed. We will 
use number lines similar to those that worked for 
addition in our first example, but the distances 
along the lines now correspond to the exponents of 
the numbers they represent (this concept typically 
takes a while for students to understand, so it helps 
to have a ruler at the ready as the example shown 
in fig. 2 is demonstrated). Consequently, if number 





lines are expressed as increasing powers of some 








base, the same addition property shown in figurel | ~~ Dineen ae BE Spree ke iG oe See Ghee 19g 256-5 542 
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1 to the variable x (the value for x must be greater ae 
‘dna 1 rice 1 eee tb any power ecil acvedinewent! ae 2 Gawevensactekestatery 4 Serene rereoteavees Qevrerscereerereene “16 Nasastereayi QDercreercensen 64: Rake gers s os FD Qos DO Grc S42 
increase and values smaller than 1 will shrink), a e 
multiplication nomograph is the result. The substi- Fig. 3 This multiplication nomograph illustrates 4 - 16 = 64. 


tution of actual numeric values for the variables on 
each number line drives home the point for students. 
For example, we can use any value for the base, but u 
area Cop aed therstaenvallAs possible, BS ee ER et og NOG a ae ae ere eS 
we will let x = 2 and then evaluate each resulting 
exponent along the number line (see fig. 3). 
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TRANSITIONING FROM EXPONENT 
DISTANCES TO LOGARITHMIC DISTANCES 
Ultimately, the exponent addition rule serves as an Fig. 4 The measurements in this nomograph are represented using logarithm notation. 
introduction to the properties of logarithms. In the 

example illustrated in figure 4, we have supposed product of a and b can be found by adding their logs. 











that some measured distance a on a number line It is inconvenient to limit the base to 2, as we 
corresponds to x° and that another distance b on did in figure 3, especially because we do not typi- 
the opposite number line corresponds to x’. If cally use 2 raised to increasing powers when we 


a=x’, then log,a = 3; similarly, b= x* andlog.b=4. do calculations. What if we wanted to multiply 7 
The measurements of a and onthe nomograph are _ by 13? Students often find it difficult to identify 
now represented using logarithm notation, and the exact locations for 7 and 13 on the top and bottom 
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number lines and even more difficult to interpret an 


accurate result on the middle line using 2 as a base. 
This difficulty, however, is the impetus to create 
something more accurate, so additional exploration 


is necessary. 


CREATING A TABLE OF LOGARITHMS 
FOR A NONSLIDING SLIDE RULE 

The logical assumption for improving our x = 2 
exponent nomograph would be to use 10 as a base 


and follow the procedure illustrated in figure 4. To 
do this, let’s examine an abbreviated, approximated 


log table (see fig. 5) and use these values to calcu- 


late the appropriate distances for each number on a 
number line (or a standard ruler). These values can 


be used to turn a grid line or a ruler of any length 


into a logarithm ruler. Using graph paper helps stu- 


dents put the numbers in the correct positions and 
also reinforces the transition to decimal measure- 
ments. Students should note that all the calculated 
values are approximate measurements and that we 
are approximating to four decimal places when we 
construct our makeshift log table. In doing so, we 
can pretend that the number lines are rulers. 


log 1=0 The number 1 would be at the left end of the ruler. 


log 2=.3010 The number 2 would be 


log 3=.4771 The number 3 would be. 
log 4=.6021 The number 4 would be 
log 5=.6990 The number 5 would be 
log 6=.7782 The number 6 would be 
log 7=.8451 The number 7 would be 
log 8=.9031 The number 8 would be 
log 9=.9542 The number 9 would be 


.3010 of the way down the ruler. 


4771 of the way down the ruler. 


.6021 of the way down the ruler. 
.6990 of the way down the ruler. 
.7782 of the way down the ruler. 
.8451 of the way down the ruler. 
.9031 of the way down the ruler. 
.9542 of the way down the ruler. 


log 10=1.00 The number 10 would be on the right end of the ruler. 


Fig. 5 The number lines serve a dual purpose. 


Suppose: 5*=8 then logs 8 =x 
Change of Base: log 8/log 5 =x 














Fig. 6 Dividing 9 by 7 produces a very good approximate value for x in 5* = 8. 
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The marks on the middle number line can be 
derived by applying the rules of logarithms (assume 
now that we are using a common log with a base 
of 10). Numbers on the exterior lines can be added 
to obtain the quantity on the center line, so logn + 
logn = 2logn =logn’. We have essentially created 
part of a good old-fashioned slide rule, but it does 
not need to slide to work. In figure 5, where 3-5 
is represented, the transversal crosses at a point 
just shy of 16 on the middle number line, which we 
would have to interpret as 15. Larger numbers can 
be multiplied as well if the log table is completed 
and marked with greater precision. 

For exainple, if we wanted to multiply 23 by 37, 
we would need the graphical positions of log 2.3 
and log 3.7 on the outside nomograph lines; these 
distances would be read as two-digit numbers. The 
center line, where the product would be located, 
would also need to be completed with equal preci- 
sion and interpreted as the appropriate three-digit 
product. Numbers of any size can be multiplied 
in this fashion. However, as the numbers become 
larger, locating the position on the center number 
line that represents the exact product also becomes 
more difficult because the numbers and the marks 
that represent the products are so close together. 


CALCULATING FRACTIONAL EXPONENTS 
WITH A RULER 

If we line up one of the log scales from figure 5 
with a linear scale (which could even be a standard 
12-inch ruler), we can calculate rational exponents 
by measuring and dividing the logarithmic distances 
using a geometric interpretation of the change-of- 
base formula. Because 2° = 8, then log, 8 = 3, which 
we can verify as log 8/log 2 = 3. Recall that log8 
and log2 are both measured distances that can be 
divided to give us the exponent of 3: log8 = 0.903; 
log 2 = 0.301; and 0.903/0.301 = 3. 

Let’s try a more difficult problem by lining up a 
log ruler and a linear ruler and solving the equation 
5° = 8. We know that 5'=5 and that 5°= 25, so the 
unknown exponent should fall somewhere between 
1 and 2 (and should probably be closer to 1). 

By measuring the log scale using the bottom 
number line, we can see that log5 lines up with a 
number on the linear scale that represents a dis- 
tance of about 7 and that log8 lines up with a num- 
ber close to 9 (see fig. 6). If we calculate 9/7 as the 
resulting exponent, we get approximately 1.2857, 
and if we use a calculator to compute log 8/log 5, we 
get approximately 1.292—not a bad estimate. The 
estimate gets better if we are more accurate with 
our linear measurement. The scale of our linear 
ruler does not matter because the ratio of distances 
of log8 to log5 is always the same, regardless of the 
linear scale being used. 


More complex examples—such as dividing num- 
bers and extracting roots—can be solved with addi- 
tional exploration, but the idea of using measure- 
ment to understand logarithms is pure enough to 
spark some discussion about how logarithms might 
apply elsewhere. With such technology applications 
as The Geometer’s Sketchpad®, we can use differ- 
ent linear scales to calculate fractional exponents. 
We can even explore logarithmic calculations using 
newer technologies such as an app for the IPad®. 


MEASUREMENT !S FUNDAMENTAL 
Measurement is one of the most fundamental ideas 
taught in early mathematics. Thus, the prospect of 
exploring complex ideas such as logarithms through 
measurement is essential to applying mathemat- 

ics. Students are typically familiar with and very 
comfortable using tools as basic as a ruler, even if 
the broader topic of measurement may be more dif- 
ficult for them. The fact that measurement is such a 
basic, concrete skill is part of the reason for explor- 
ing abstract mathematical ideas such as logarithms 
with a ruler. If nothing else, students have a mental 
anchor to remind themselves, “Hey, a logarithm 
can just be a number on a ruler. I can do that!” 


Real World Math: 


Activities, Lesson Plans, and Articles 


for the Middle Grades 





ELLIOTT OSTLER, elliottostler@gmail 

| .com, is a professor of STEM education 
at the University of Nebraska Omaha. 
His primary interest is helping teach- 
ers create mathematical learning environments 
that challenge students to think differently about 
the nature and uses of mathematics. 


FOLLOW MT 
ON TWITTER 


@MT_at_NCTM 


A New Online Resource 
for Middle Grades 
Mathematics Teachers 





Teach. Explore. Connect. 


Real World Math is an online resource for middle 
grades mathematics teachers with over 150 articles, 
lesson plans, and activities, each selected because they 
connect math to the real world and the real classroom. 
Access it anywhere—computer, Smartphone, tablet—any 
device with an Internet connection and browser access. 


SPECIAL NCTM MEMBER SAVINGS! 
Use code RWMINTRO when placing order for a 
special introductory price of $19.95. 


Explore Real ee Ca eian Ele 





realworldmath.nctm.org 








For more information, please call 
(800) 235-7566 or visit 
www.netm.org/eatalog 


Real World Math a 


the Biological 
World Articles 


ioe TH 


Building Percent Dolls: Connecting Linear Measurement to Learning Ratio 
and Proportion 
A series of lessons in which grade 6/6 students use mea- 
} surement activities to design and construct proportion dolls. 
This article highlights how measurement can connect 
learning about percents, decimals, and proportions. Activity 
= ideas are provided for teachers to implement this activity in 
the mathematics classroom. 





OO erteass 


TUES OF MATHEAATICS 


Vol. 106, No. 9 * May 2013 | MATHEMATICS TEACHER 673 


AS STARTING 


REASONING 





70) Nunn aO lx 


David A. Yopp 


ow do we generate a culture of reason- 
ing and sense making in our classrooms? 
One way is to encourage students to 
investigate mathematical statements even 
after they have found them to be false. 
Demonstrating that a mathematical generalization 
is false requires only one counterexample, but sense 
making demands additional steps. 

Such practice is well grounded in the work of 
mathematicians, whose quest for sense making is 
continuous. It is not unusual for a mathematician to 
write a mathematical proposition (a statement that 
he or she believes to be true), only to discover that 
it is false. A mathematician might then ask whether 
the proposition can be altered to create a mathemati- 
cal truth. Doing so while salvaging as much of the 
original conjecture as possible often involves infor- 
mal observations and reasoning—one way in which 
mathematicians discover new mathematics. 

Given the call for reasoning and proving to play 
an important role in school mathematics (NCTM 
2000, 2009), as well as growing interest in school 
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mathematics materials that better align with the 
parent field (RAND 2003), mathematics teachers 
need articles that document efforts to create class- 
room experiences that address these lofty goals. 
This article describes a recent classroom activity 
with college sophomores in a methods-of-proof 
course in which students reasoned about absolute 
value inequalities. The course was designed to meet 
the needs of both mathematics majors and second- 
ary school mathematics teaching majors early in 
their college studies. 

Addressed in particular is the challenge of navi- 
gating the interplay between formal reasoning (e.¢., 
proving) and informal reasoning (e.g., observations 
from examples) to generate a culture of sense mak- 
ing. NCTM’s Focus in High School Mathematics: 
Reasoning and Sense Making (2009) tells us that 
“mathematical reasoning can take many forms, 
ranging from informal exploration and justification 
to formal deduction, as well as inductive observa- 
tions” (p. 4) and that “reasoning and sense making 
are intertwined across the continuum from infor- 
mal observations to formal deductions” (p. 4). This 
article offers another dimension to this perspective 
by demonstrating how students can move from for- 
mal to informal reasoning and back again and how 
all types of reasoning can work harmoniously and 
nonlinearly toward an ultimate objective of making 
sense of the mathematics being studied. 

The topic and mathematics content are appropri- 
ate for high school mathematics courses (see Ellis 
and Bryson [2011] for a discussion of similar con- 
tent in high school courses). Further, the instruc- 
tional strategy of asking students to reason about 





the examples they provide is relevant for any high 
school or college mathematics course. 


THE TASK 
During a unit on inequalities, students were asked 
to explore the following conjecture: 


Ix — yl S lx] — ly! 


The term conjecture was used in this course to describe 
mathematical sentences without any connotation of 
truth values. The term proposition was used to describe 
statements that someone asserts to be true, and theo- 
rem was reserved for statements proven to be true. 
This terminology allowed me to pose questions about 
mathematical statements to students without giving 
any hint of whether or not the statements were true. 

The quantifiers were purposely left off the con- 
jecture because they are frequently omitted in math- 
ematics textbooks. The students were accustomed 
to identifying when statements are open statements 
(such as equations to be solved) and when state- 
ments are quantified with an implicit “for all,” 
asserting that something is always true. This par- 
ticular conjecture was the latter, a for-all statement 
that can be rewritten more formally as follows: 





For all real numbers x and y, |x — y| < |x| — ly|. 
Equivalently, if x and y are real numbers, then 


x — y|<|x| - [yl 





Working individually, students quickly found 
counterexamples and recorded them. Figures 1 
and 2 are two examples of student work. 


Sam correctly asserts that the conjecture is false 
and provides a suitable counterexample (see fig. 1). 
She also carefully identifies the important formal 
aspects in her work: 


1. She rewrites the conjecture using the appropri- 
ate quantifier in the form “for all x, y.” 

2. She points out that proving the negation of 
the conjecture (which she writes correctly as a 
“there exists” statement) demonstrates that the 
conjecture is false. 


Pat also gives an excellent response (see fig. 2). 
He writes the conjecture in proper notation (using 
the symbol V to denote “for all”), and he writes 
his counterexample in proper form, noting that his 
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Fig. 1 If the negation of the statement is true, the statement is false. 
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choices of values for x and y satisfy the hypothesis, 
not the conclusion. 

Although I was pleased with the students’ work, 
I felt that we could learn more. Even though we 
had answered the question of whether or not this 
conjecture is true, as mathematical thinkers we 
could go further. Making sense can be described as 
understanding the situation, context, or concept 
by connecting it with existing knowledge (NCTM 
2009). Here the context was comparing inequali- 
ties that connect to concepts of distance and signed 
numbers. Conjecturing about how to “fix” the 
original statement would result in making sense of 
the original conjecture. By “fix,” I meant adjusting 
the hypothesis or the conclusion so that a theorem 
(a true proposition) is formed while salvaging as 
much of the original conjecture’s intent as possible. 
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Fig. 2 Producing a counterexample also shows that the 
statement is false. 
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Fig. 3 Student responses tended to fall into the two categories, as the examples 
here indicate. 
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This process is obviously subjective because “the 
original intent” is in the eye of the beholder. 

I could have simply asked students to write 
down a “fixed” statement, but I also wanted them to 
understand that informal thinking is important in 
mathematics. Moreover, I wanted them to connect 
their fix to existing knowledge, which now included 
observations and counterexamples. In particular, 

I wanted them to note that although empirical 
evidence will not prove the modified conjecture 
(assuming that they wrote a general statement), 
empirical evidence (i.e., the counterexamples) could 
be valuable in conjecturing about possible fixes. 

I gave students the following directions: 


1. Take a moment to reflect on how you found 
your counterexample. For example, was it a 
guess-and-check situation, or did you make 
some sort of observation that led you to a 
counterexample? 

2. Think about what your counterexample tells 
you about why this statement is true. Summa- 
rize your thoughts in a short paragraph. 


THE NEXT STEPS 
Over the next two evenings, I sorted the students’ 
responses. Student observations that were clearly 
expressed fell into two categories; a few other 
responses expressed ideas that were difficult to 
classify. One type, shown in figure 3a, mentioned 
that one side of the inequality could be negative 
whereas the other is always positive. Ten responses 
fit into this category. The other type of clearly 
articulated response demonstrated that the distance 
between x and y could be greater than the distance 
between |x| and |y| (see fig. 3b). Three responses 
fit into this category. 

The following is an example of the third type of 
response: 


The problem is you can provide a counterexample 
where you can add two positive numbers on one side 
but subtract one from the other on the other side. 
And the sum of two positive numbers will always be 
greater than subtracting one from the other. 


This response expresses a reasonable idea, but 
the approach is a bit misleading, inaccurate, or 
incomplete because y would need to be negative 
for x — y to be equivalent to the sum of two posi- 
tive numbers. The student might have noted this 
condition but did not explicitly mention it. I placed 
seven students’ responses into this stack of unclear 
incomplete, or inaccurate observations. (In hind- 
sight, I wish that I had asked each student in this 
category to clarify his or her response. I may have 
overlooked some important thinking.) 
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Fig. 4 The two distances can be different if |x| > ly]. 


Although the approaches represented in figure 3 
are related, these two types of responses are differ- 
ent enough that they could lead to entirely different 
fixes. This possibility intrigued me, so during the 
next class period I asked students to develop a fix 
based on observations from the previous task. 

To set the stage, I presented the two responses 
shown in figure 3 to the rest of the class and facili- 
tated a discussion about the two types of reasoning. 
Because Pat’s response positions x and y in a man- 
ner such that |x| — |y| is negative (see fig. 3b), I 
offered students my graph (see fig. 4) to illustrate 
that the distances Pat discusses could be different 
even when |x| > |y]. 

I summarized the discussion by pointing out the 
following: 








1. The right side of the inequality could be nega- 
tive, which could happen even if x and y are 
both positive. 

2. The distance between x and y could be greater 
than the distance between |x| and |y| even when 
both distances are positive. 


I then asked students to work in pairs or groups 
of three to form propositions. 


SOME PROPOSITIONS 

After the discussion, students produced several 
propositions (“fixes”). In our classroom’s vocabu- 
lary, these fixes were propositions, not conjectures, 
because students were asserting that their state- 
ments were true. That evening, I sorted the asser- 
tions into five categories: 


1. If |x| > |y|, then |x —y| < |x| - |y|. 

2. Ifx>Oandy=0, then |x —y| < |x| - |y|. (One group 
included the additional hypothesis that y < x.) 

3. For all real numbers x and y, |x - y| 2 |x| - |y|. 

_ Ifx >0 and y= 0, then |x — y| = |x| - ly]. 

5. For all real numbers x and y, |x - y| = ||x| - |y||- 


aS 


During the next class period, I wrote all five prop- 
ositions on the board, and we compared the fixes. We 
discussed how propositions 1 and 2 alter the hypoth- 
esis, how propositions 3 and 5 alter the conclusion, 
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Fig. 5 Students discover an error (a) and try to correct it (b). 


and how proposition 4 alters both. I then asked stu- 
dents to return to their groups (the same in which 
they had made the propositions) and repeat the origi- 
nal process. They were to either prove their proposi- 
tion or provide a counterexample. Selected student 
responses are presented here. The first part of each 
figure referenced is the students’ fix to the original 
conjecture; the second part is the students’ evaluation 
(proof, counterexample, etc.) of their proposition. 

Ashley and Dakota tell us that their fix attempts 
to resolve the question of the conjecture’s sign (see 
fig. 5a). Then they show us that their fix is false 
and propose a different fix (see fig. 5b). These 
students are engaging in sense making because they 
use existing knowledge and prior observations in 
forming their proposition. 

Alex and Casey also engage in sense making by 
grounding their fix in reasoning about distance (see 
fig. 6a). Then they prove a different result (see 
fig. 6b). We wonder whether they discovered that 
their fix in figure 6a, adding the hypothesis that 
0<y<~x, is trivial. 

Jamie and Jean make an argument that could 
qualify as a proof with a few additional words or 
symbols (e.g., logical connectives and acknowledg- 
ment of prior results) (see fig. 7a, top left corner). 
Yet, in the right corner, they attempt another argu- 
ment that is problematic. In the third line (labeled 
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Fig. 6 Students use distance (a) to produce a different result 
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Fig. 7 Although some of the work in both (a) and (b) is correct, there is a reasoning 


flaw in (a). 
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“subtraction of x - y”), they misapply or inappro- 
priately generalize the addition property of inequal- 
ities to subtraction. Also, the implication from the 
second-to-last line (labeled “simplification”) to the 
last line is incorrect for two reasons: (1) we cannot 
assume that —(|x | — |y|) is greater than zero; and 
(2) the property that the students appear to use, 
0<|a| <c@-c<aSc, is used incorrectly, even if 
they assume that |x| - |y| is greater than zero. 

Jamie and Jean write a third argument (see 
fig. 7b). This argument is correct, and it uses a 
very strong result in step 2. (This result was proven 
in class between these two activities.) 

Jamie and Jean’s arguments generated consid- 
erable classroom discussion. Although students 
valued both arguments, some preferred the last 
argument because it seems more sophisticated (e.g., 
it uses a stronger result). However, other students 
preferred the first argument because, in their 
words, “it better demonstrates why it is true,” 
it appeals to basic inequality principles. 

The last example of student work presented 
here (see fig. 8) demonstrates how one group that 
conjectured about the fix in proposition 2 proves a 
different result (proposition 3) and then reconsid- 
ers the fix in an attempt to find a more appropriate 
hypothesis. Like Ashley and Dakota, Skylar and 
Jerry also model the intertwining of informal and 
formal reasoning as they make sense of the situa- 
tion (NCTM 2009). 

The fifth type of proposition listed above was a 
theorem stated in the text as a conjecture and proven 
in class while this activity was ongoing. (Jamie and 
Jean appeal to this result in the third argument for 
their proposition.) When the students who produced 
proposition 5 were asked to prove it, they mim- 
icked the proof given in class. I did not criticize this 
approach; instead, I valued this work because math- 
ematicians often appeal to results that they already 
know to be true, and they have a large repertoire of 
proof strategies and known proofs that they use. 


and 


REFLECTION 

For this final section, I have chosen to write a 
reflection rather than a conclusion. To call this a 
conclusion would express intent other than the 
spirit in which this article is written. My goal as 
an educator is to develop and implement learning 
experiences for my students that reflect current 
understanding of mathematical teaching practice. 
During this activity, my goal was to facilitate 
students’ learning about the interplay between 
informal and formal reasoning as well as to help 
them develop a “mathematical habit of mind” that 
involves a search for truth when faced with false- 
hoods. To say that I draw conclusions from this one 
experience would misrepresent my understand- 


ing of how mathematical best practices develop. 
Instead, I wrote this article to share my practice 
and to contribute to dialogue about high-quality, 
reasoning-based learning environments. 

I now present some aspects of this activity on 
which I have reflected. First, I felt that students 
had an experience that promises to develop their 
understanding of mathematics as a discipline. We 
examined a conjecture, proved it false, examined 
the reasoning behind our counterexample, used 
this reasoning to develop some propositions, and 
then examined our propositions for truth values. 
This process exposed students to the nature of 
mathematical investigation, which includes exam- 
ining, investigating, conjecturing, proposing, and 
reexamining in a continual quest for sense mak- 
ing. Structuring the activity as a sequence of three 
episodes over a two-week period exposed students 
to the concept that mathematics is not a lecture- 
homework-study-exam experience but, instead, a 
continuous and personalized quest for truth. 

The fact that the activity began with a counter- 
example is also important. Too often, we demonstrate 
a counterexample and move on, satisfied that we have 
evaluated the claim. Logically, this is true; mathemati- 
cally, however, the work of sense making has just 
begun. Students should learn that “doing mathemat- 
ics” often involves learning from false starts. 

Students also had opportunities to experience 
roles of proving and reasoning beyond establish- 
ing truth. Counterexamples do not have to explain 
why. However, students saw that when there is 
reasoning behind the counterexamples, opportuni- 
ties for more learning emerge. In this sense, our 
proving was related to problem solving (e.g., solving 
the problem of writing a true statement that sal- 
vages as much of the initial conjecture as possible). 

The reasoning and proving activities also helped 
students discover new mathematical propositions 
not in their textbook, and in some cases they even 
created new mathematics for themselves. They used 
their counterexamples (proofs of “there exist” state- 
ments) to develop and discover a new mathematical 
statement (e.g., for all x and y, [blank] is true). 

Last, through reasoning and proving, the 
students had opportunities to learn about logic, 
absolute value properties, and absolute values 
and real number line distances, and they became 
more aware and appreciative of the work of 
mathematicians. 

Students also observed the value of multiple 
solutions in light of their individual contribution 
to our mathematical understanding at every stage 
of the endeavor. Different counterexamples arose 
from different types of reasoning, which led to very 
different fixes, and fixing false conjectures involved 
altering hypotheses, conclusions, or both. 
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Fig. 8 Students whose work is shown in (a) and (b) use both formal and informal 
reasoning to prove proposition 3. 
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Looking for more 

Calendar problems? 

Visit www.nctm.org/publications/ 
calendar/default.aspx?journal_id=2 
for a collection of previously published 
problems—sortable by topic—from 
Mathematics Teacher. 


Edited by Margaret Coffey, Margaret 
.Coffey@fcps.edu, Thomas Jefferson High 
School for Science and Technology, Alexan- 
dria, VA 22312, and Art Kalish, artkalish@ 
verizon.net, Syosset High School (retired), 
Syosset, NY 11791 


The Editorial Panel of Mathematics Teacher 
is considering sets of problems submitted by 
individuals, classes of prospective teachers, 
and mathematics clubs for publication in the 
monthly Calendar. Send problems to the Cal- 
endar editors. Remember to include a com- 
plete solution for each problem submitted. 


Other sources of problems in calendar form 
available from NCTM include Calendar Prob- 
lems-from the “Mathematics Teacher” (a 
book featuring more than 400 problems, 
organized by topic; stock number 12509, 
$22.95) and the 100 Problem Poster (stock 
number 13207, $9.00). Individual members 
receive a 20 percent discount off this price. 
A catalog of educational materials is avail- 
able at www.nctm.org.—Eds. 


1. 130. Consider a pair of digits whose 
difference is 3, such as 4 and 1. For 

this pair, there are 10 numbers with 1 
in the hundreds place and 10 numbers 
with 4 in the hundreds place. Six such 
pairs exist: (1, 4), (2, 5), (3, 6), (4, 7), 
(5, 8), and (6, 9). The pair (3, 0) can be 
included but not (0, 3). Therefore, there 
are 20-6 + 10 = 130 numbers. 


2. 14. Consider the factors of each num- 
ber in the set: 12 = 2’- 3, 14=2-7, 
15=3-5, and 20=2’- 5. Therefore, 

12, 15, and 20 will divide 3-4-5, and 
14 will not divide 60. 


3. 60. The four prime numbers closest 
to 58 are 53, 59, 61, and 67. The sum of 
these four numbers is 240, so their aver- 
age 1s 60. 


4. 8. We check for divisibility by 2 by 
seeing if the units digit in the number 
is divisible by 2, because no matter how 
many tens we have, they will always 
be divisible by 2. Similarly, since 100 is 
divisible by 4, if a number ends in two 
digits that are divisible by 4, then the 
entire number must be divisible by 4. 
Since 768 is divisible by 8 (768/8 = 96), 
and 1000 is divisible by 8, any number 
greater than 1000 and ending in 768 is 
divisible by 8. 


5. 31/880. Sum the numbers on 

each side of the equation to get 

26a = 403b/440. Then divide both sides 
of the equation by 26b.Thus, a/b = 
403/(440 + 26) = 31/880. 


6. 57/18. The area of the quarter circle 
is 42/4 =. The area of the larger semi- 
circle is 2/2. Let r be the radius of the 


682 MATHEMATICS TEACHER | Vol. 106, No. 9 » May 2013 


smaller semicircle. Then AQ = 2 - r, and 
PQ=1+r. Apply the Pythagorean theo- 
rem to AAQP and solve for r: (2 -r)* + 
P=(14+n’ 3 4-4r+rP41="7 +2r+ 
1 > r=2/3. Thus, the area of the small 
semicircle is (1/2)(42/9) = 27/9. Finally, 
the area of the shaded portion is 

nt — (a/2.+ 22/9) =a - 132/18 = 527/18. 


iT 19/100! . Most calculators would have 
trouble computing these values, so we 
need to approach this problem in a differ- 
ent way. Consider 100! = 100+ 99! and 
then eliminate the roots by raising both 
expressions to the 9900th power. These 
operations result in (99!)'” = (99!)(99!)” 
and (100 - 99!)” = 100” - (99!)”. Now it 
should be clear that 100” > 99!. So “/100! 
= "99! . Surprisingly, the two given values 
differ by only about 0.36958887, even 
though 100” - 99! = 10". 


8. 165. Making a list produces some 
interesting patterns. One pattern results 
from fixing the first digit and counting 
the remaining possibilities. For example, 
when the first digit is 9, only one num- 
ber can be formed: {9000}. When the 
first digit is 8, three numbers are pos- 
sible: {8100, 8010, and 8001}. When 
the first digit is 7, six numbers can be 
formed: {7110, 7101, 7001, 7200, 7020, 
and 7002}. When the first digit is 6, the 
set of numbers contains 10 elements 
{6300 can be rewritten in three ways, 
6210 in six ways, and 6111 in only one 
way}. The numbers 1, 3, 6, and 10 are 
the first four triangular numbers—that 
is, numbers formed by adding consecu- 
tive integers. Therefore, the next few 
results will be 10+5=15, 15+6=21, 
21+ 7 = 28, then 36, and finally 45. The 
sum of all of these numbers is 165. 


Alternate solution: We can apply the 
following reasoning based on the 
multinomial theorem. Consider 9 dots 
in a row. Three dashes are required 
to separate them into 4 groups. Since 
there are 12 objects (dots and dashes) 
and we want to arrange them every 
way possible, there are ,,C, ways to do 
that. Since we cannot begin a four-digit 
number with a zero, we must subtract 
no; tron. Cs to endiwith{s@s=4)/C,= 
220-55 = 165. 


9. 36. Subtract the areas of the four right 
triangles from the area of the square: 8+ 

8 - (1/2)(7-2+6-34+5-4+4-1)=64 
— (1/2)(14+ 18 + 20 + 4) = 64 - 28 = 36. 


10. -1 or 2. Let 3° be represented by y. 
Then the equation becomes 3y’ — 28y - 
¥y+9=0. This is a quadratic equation in 
y. Factor and solve: (3y - 1)(y - 9) =0 
>y=1/3 ory=9 > x=-1 or 2. 


11. 24. Since 6x + 5 = 5y +6 and x and 
y are both greater than 6, we need to 
find integer solutions to the equation 
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= (6/5)x - 1/5. One ordered pair that 
satisfies the equation is (1, 1). This pair 
does not satisfy the minimum condition, 
so we can apply the notion of slope to 
find other pairs of numbers. The change 
in y is 6 for every change of 5 in x, so 
the next pairs are (6, 7) and (11, 13). 
The first pair to satisfy the minimum 
restriction is (11, 13) and 11+ 13 = 24. 


12. This problem has at least three pos- 
sible solutions: 


Vil eal lee] 
MSI lV, 
yal mela 


13. The maximum is 37, and the mini- 
mum is 31. Use a Venn diagram to 
examine the data. Since there are 10 and 
6 performers, respectively, in the regions 
common to string and brass and to string 
and percussion, there must be 7 in string 
alone. Let x represent the number com- 
mon to brass and percussion. Therefore, 


10441 _, 
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there are 8 — x in brass alone and 6 — x 
in percussion alone. The sum of all the 
nonoverlapping regions is 37 — x where 
O0<x <6. Thus, the maximum occurs 
when x = 0, and the minimum occurs 
when x = 6. 





14. $79. This problem can be solved by 
working backward. The salesman ended 
with $626, meaning that he had half 
that amount plus $17, or $330, when he 
left the second client. When he left the 
first client, he had half of $330 plus $12: 
$177. When he left for the first client, he 
had one-third of $177 plus $20: $79. 


CALL FOR MANUSCRIPTS 


MATHEMATK? 





Vol. 106, No. 9 * May 2013 | MATHEMATICS TEACHER 683 


Alternate solution: Let x = the start- 
ing amount. Then solve the equation 
2(2(3(% - 20) - 12) - 17) = 626. 


v3 


15. an Let s be a side of the square 


and let t be a side of the triangle. Then 
45 = 3t, and thus s = 3t/4. The area of 
the triangle is 2/3 / 4, and the area of 
the square is s° = 9t°/16. Therefore, the 
ratio of the areas is 


oe _#NB | 16 _ 4v3 


ee 9 =O 





oe 4 


16 


4 





16. 
and let t be the side of the triangle. Then 


pas 


4 


. Let s be the side of the square 


; 2 
ee ee 


3 


To find the ratio, we compute as follows: 


3 
Siem 65+-1—-—3-——34.- 
Feels As ee 9 
{3 Dene 














17. 8 - 4V3. Let x represent the distance 
we wish to find. Construct a perpen- 
dicular segment from the intersection P 
to BC and call the new point O. Draw a 
segment from B to P. Then ABPQ is a 
right triangle with BP = 8 and 

PO =4. Either recognize that the tri- 
angle is a 30°-60°-90° triangle or apply 
the Pythagorean theorem to find that 
BO = 4V3. Finally, x = CO = BC - CO= 
8 - 4V3. 


"sss ecco be 


A B 


Alternate solution: Create the diagram 
on a grid with the lower-left corner of 
the square at the origin. The equations 
of the circles would be x” + y’ = 64 and 
(x - 8)’ + y’ = 64. Solve the system of 
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equations by subtracting the first equa- 
tion from the second to get -16x + 64= 
0. Then x = 4, and y = V48 = 43. The 
solution is therefore 8 - 4V3. 


18. 49,680. The numbers 107 + 117 

+ 127+ ---+997 form an arithmetic 
series. Because every tenth number ends 
in a 7 and there are 900 numbers from 
100 to 1000, there are 90 terms in the 
series. The formula for the sum of an 
arithmetic series is S=n(a,+a,)/2 = 
90(107 + 997)/2 = 49,680. 


19. 64/27. The length of the altitude 

of an equilateral triangle with side s 

is sV3/2. Repeating this process, we 

find that the lengths of the sides of the 
equilateral triangles form the sequence 
s, sV3/2, 38/4, and 3sV3/8. The ratio of 
the areas of similar figures is the ratio 
of the squares of a pair of corresponding 
sides—in this case, 


(s)-Ga)-# 


20. 7. The different cross sections that 
can be formed are the square, equilat- 
eral triangle, rectangle (other than the 
square), nonequilateral triangle, penta- 
gon, hexagon, and parallelogram (other 
than a rectangle). (See http://www 
learner.org/courses/learningmath/ 
sgeometry/session9/part_c/index.html.) 


21. 10. The graph of y = |x — 3| + |x - 1| 
+ |x| + |x+2| + |x+4| is a set of line 
segments that approximates a parabola. 
When x < -4 or x > 3, each addend 
grows greater in absolute value, so the 
minimum must be between those two 
numbers. Consider creating a table of 
values for x = —4, —2, 0, 1, and 3. Each 
makes one of the terms in the expres- 
sion zero. The corresponding results are 
18, 12, 10, 11, and 17. Now look at the 
expression more carefully for values of 
x between —2 and 1 where there appears 
to be a minimum. The line segment 
from —2 to 0 has a slope of —1, and the 
line segment from 0 to 1 has a slope 

of 1. Therefore, the minimum will be 
where the two segments intersect—that 
is, when x = 0 and y = 10. (Note: Stan- 
dard deviation deals with the quadratic 


May 2013 


expression used to estimate the mean 
absolute deviation. This quadratic is 
based on the sum of the absolute values 
of the differences between the mean and 
each individual value.) 


22. Angle R. Adding pairs of radii 
determines the lengths of the sides of 
the triangle. Therefore, PQ=5+12= 
17; OR =12+13=25; and RP=13+5 
= 18. The smallest angle in a triangle is 
opposite the shortest side, so ZR is the 
smallest angle. 


23. 105°. The sum of the angles of a 
triangle is 180°, so mZNUJ = 25°. Since 
two angles of AJUN are congruent, 
NU=N]J. Then mZJNE = 50°; and 
since EJ = NJ, mZNEJ is also 50°, result- 
ing in mZEJN = 80°. Angles KEJ and 
EJU are congruent alternate interior 
angles for the parallel lines, so mZKE] = 
80° +255 S10a*. 


24. (4.8, 4.5). Point P is the point to aim 
for. This point will make the angle of 
incidence equal the angle of reflection— 
that is, ZBPA = ZDPC. To find the 
coordinates of P, recognize that ABPA ~ 
ADPC, so AB/AP = CD/CP > 3/x = 
4.5/(7 — x). Solve by multiplying by 

x(7 — x) to get 21 - 3% =4.5x 3 x =2.8. 
The coordinates of P are (4.8, 4.5). 

















25. a= 12 and b= 8. Work with the 

two equations (a — b)/(a + b) = 1/5 and 
(a + b)/(ab) = 5/24. Solve the first equa- 
tion for a to get a = 3b/2 and substitute 
this into the second equation. Therefore, 
(3b/2 + b)/(3b’/2) = 5/24 > (5b/2)/ 
(3b°/2) = 5/24 > b =8. Substitution 
yields a =3(8)/2= 12: 


26. 5. Since the line intersects the 
ellipse, we can substitute the expression 
for y into the equation of the ellipse. The 
result is 4x + (mx + 3)? =4 3 4x7 + m’x’ 
+ 6mx+9=4-— (44+ m’)x’?+6mx+5= 
0. Since the line can intersect the ellipse 


at only one point, this quadratic equa- 
tion must have only one solution, imply- 
ing that its discriminant must be zero. 
Thus, we have b’ - 4ac = 36m’ — 4(5) - 
(4+ m’) =0> 16m’? =80 > m’=5. 


27. (2, 3). Rewrite the equation as 
(3*)* - (2")’ = 17. Factor the left side as 
the difference of two perfect squares: 
3-2") 8° +2”) =17. Since (3° + 2%) > 
(3* — 2”) and the only integer factors of 
17 are 1 and 17 or -1 and -17, we have 
+ 2”=17 or -1. We reject —1 because 
exponential expressions are always 
positive. There are two solutions to the 
equation 3° + 2” = 17: (0, 4) and (2, 3). 
Substituting these into the equation 
3° — 2”= 1 yields the only solution of 


(a3): 


Alternate solution: Trial and error 
works nicely here as well because we are 
working with integers. Look for even 
powers of 3 that are 17 more than an 
even power of 2. 


28. 4. Notice that the line y = x inter- 
sects AB between A and B. Therefore, 
the minimum of AC + BC will occur 
when C is that point of intersection and 
the three points are collinear. Set the 
slopes of the segments determined by 


two pairs of points equal and solve for k: 


(k — 2)/(k + 3) = (10 - 2)/(25 + 3) = 2/7 
— 7k - 14=2k+6—- 5k=20 5k=4 


29. 3. Although it appears similar, this 
problem is more difficult than the previ- 
ous one. In this case, the line y = x does 
not intersect AB between A and B. The 
solution lies on y = x, but where? To 
find the coordinates of this point, let 

y = the sum of the distances using the 
distance formula. Therefore, 





y= J(e+3) +(k-2) + (2-5) +(k-15) | 


To find the minimum, replace k with 
x and graph y on a calculator. Use the 
minimum function to determine that 
x =3. The sum of the distances is 3¥37. 


Alternate solution: Reflect B over the 
Ime y =x to find B’ (15, 5). The line 
AB’ will intersect y =x at a point P, thus 
minimizing the sum of the distances 
since PB’ = PB. To find the coordinates 
of P, find the equation of AB’: slope 

of AB’ = (5 — 2)/(15 + 3) = 1/6, so the 
equation is y - 2 = (x + 3)/6. When y = 
x, %-2=(%+ 3)/6 > 6x -12=x4+35 
x=3 and y=3. Apply the distance for- 
mula to obtain AP + PB = 3V37. 


30. 17. Square both sides of the equa- 
tion to obtain the following: 


X+Vx+2714+2Vx* —x-271 
tH G2 b= 36> 

2x +2Vx° —x-271=365 
x? —x-271=18-x 


Squaring both sides produces x° — x - 
21 2 Ore Oe 
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A familiar relationship-the 
derivative of the area of a circle 
equals its circumference-is 
extended to other shapes and Solids. 


Rina Zazkis, Ilya Sinitsky, and Roza Leikin 






hy is the derivative of the area of a circle equal to its circum- 
ference? Why is the derivative of the volume of a sphere 
equal to its surface area? And why does a similar relation- 
ship not hold for a square or a cube? Or does it? 

In our work in teacher education, we have heard at times 
undesirable responses to these questions: “That’s the way it is. Circles and 
spheres are very special. Squares and cubes have corners.” Or, “It is a simple 
coincidence with circles. This relationship does not hold for any other shapes.” 

In this article, we explore and explain the familiar relationship of the area of 
a circle and its circumference and of the volume of a sphere and its surface area. 
We then extend this relationship to other two- and three-dimensional figures— 
squares and regular polygons, cubes and regular polyhedra. 


or Rule @ 
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CIRCLES 

The relationship between the area A of a circle 
with radius r and its circumference P can be 
expressed by A’(r) = (a7’)’ = 2ar = P(r). We calla 
relationship of this kind a derivative relationship 
between the area and the circumference or perim- 
eter of a figure. 

In the case of a circle, the derivative relation- 
ship is best seen geometrically (see fig. 1). When 
the radius of the circle is extended from r tor +h, 
the area of the circle changes by AA = 2arh + ah’, 
which is the area of the ring of width h around the 
circle of radius r. When h approaches zero, the ring 
approaches the inner circle. 






pe A’(r) = em th) = 
h0 h 


= lim (2zr “ mh) 2707 
h 


h—0 





Fig. 1 The definition of the derivative shows the radius of a circle r extended by h. 














iS 
v'(a)= eet 
= lim (3a + 3ah+ h)= ee A(a) 
ho>0 2 








Fig. 3 Three adjacent edges of the cube are each extended by h. 
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SPHERES 
The derivative relationship between the volume of 
a sphere V and its surface area A is expressed by 


: Lae 5 
= in| + ark Eat?) Anr? = A(r). 


h>0 


An explanation similar to the explanation given 
for a circle can be provided: The layer between 
the outer and inner spheres approaches the inner 
sphere as h approaches zero. Similar geometric rea- 
soning is found in Usiskin et al. (2003), explaining 
that this derivative relationship is not coincidental. 
We now turn to other shapes. 


SQUARES 

A square with side a does not fulfill the derivative 
relationship between the area A and the perimeter 
P: A’(a) = (a) = 2a # P(a) = 4a. However, A’(a) = 
P(a)/2. 

This statement may initially be considered 
inconsistent with the derivative relationship 
described for the circle. The geometrical explana- 
tions used above for increasing the side of a square 
by h demonstrate the geometrical sense of the deriv- 
ative. As shown in figure 2, two adjacent sides of 
the square are each extended by h. As h approaches 
zero, the difference of the areas of the two squares 
tends to half the square’s perimeter. 


CUBES 

A similar “problem” can be seen in the derivative 
relationship between the volume of a cube with 
edge a and its surface area. A cube with edge a does 
not fulfill the derivative relationship between the 
volume V and the surface area A. This is illustrated 
in figure 3. 

An explanation, similar to the one provided for 
the lack of derivative relationship in a square, can 
be applied to a cube: Consider a larger cube that 
results from extending three adjacent edges of the 
given cube by h (see fig. 3). The difference in the 
volumes of the two cubes, as h approaches zero, 
tends to half the cube’s surface area. 


ANALOGY WITH A CIRCLE 

As we seek an analogy between the cases of squares 
and circles, the obvious attempt is to increase sym- 
metrically all four sides of the square, extending the 
square in all four directions. That is, to increase the 


length of each side by h is to add h/2 in two direc- 
tions. Alternatively, if we extend each side of the 
square by h in two directions, then the length of the 
side is actually extended by 2h. However, in these 
two cases we again find that A’(a) = P(a)/2 (see 
fig. 4). So the derivative relationship “fails” again 
for the square. 

Is it possible to achieve consistency? 

Let’s consider a square with side length 2a (see 
fig. 5). An argument analogous to the case of the 
circle is this: Measuring a as the distance from 
the center of the square to its side is analogous to 
measuring the radius of a circle. This makes the 
length of each side 2a. This analogy is explored 
in Movshovitz-Hadar and Webb (1998) and is 
presented as an important component of teachers’ 
knowledge in Zazkis and Mamolo (2011). 

A square with side 2a fulfills the derivative 
relationship between the area A and the perimeter 
P (see fig. 5). For the initial square, A(a) = (2a)’ = 
4a’ and P(a) = 4- 2a = 8a. 

Similarly, if the edge of a cube is 2a, we get the 
desired derivative relationship, which is analogous 
to the sphere relationship: The volume of the cube 
is then V(a) = (2a)? = 8a’. 

The derivative of the volume of the cube can be 
expressed as 


[ae 
meee = 
= lim (24a? + 24ah + sh’) = 24a" = A(a), 


h>0 


where A(a) = 6(2a)’ is the surface area of a cube 
with edge length 2a. 

A cube with edge 2a thus fulfills the derivative rela- 
tionship between the volume V and the surface area 
A. Thus, the consistency is also obtained for a cube. 


HEXAGONS AND OTHER 

REGULAR POLYGONS 

Let’s consider other regular polygons. First, let’s 
consider a hexagon with side a (see fig. 6). Here, 
obviously, the derivative relationship between the 
area and the perimeter does not hold. 

As such, our natural question is similar to our 
initial attempts in considering a square: Is it pos- 
sible to achieve the derivative relationship for a 
regular hexagon? 

To achieve the derivative relationship for 
a square, we expressed its area and perimeter 
through the variable a, where a was half the length 
of the square’s side, which also equals the height of 
each of the four triangles composing the square (see 
fig. 7). By analogy, we may express the area and 
perimeter of the hexagon in terms of the height k 
of an equilateral triangle, six of which compose the 





4‘(a) 


= fen (teh) = Pee eae!) ia 
2h>0 2h h>0 

= lama (2a+2h)=2a= P(a) =lim(2a+ h) = 2a = P(a) 
2h>0 2, h>0 2 


a+2h ath 

















Fig. 4 Each side of a square is extended in two directions (by h or by h/2). 





For the extended square, A(a + h) = (2a + 2h)’ =4(a+h)* and 








P(a) = 4+ 2a = 8a. Then 


A’(a) == ina 


4(a + h) —4q° 
h>0 


= lim(8a + 4h) = 8a= P(a). 


h>0 


ae 








Fig. 5 The analogy between a circle and a square Is attained by using side dimensions 


of 2a. 


hexagon (see fig. 7). 
In the initial hexagon, P(k) = 6a = 4kV3, so 


A(r) 


A’(k) 





2 


Sasa 
h0 


2 


23 (k-+h) ~2V3k oe P(k) 
h 


_3aV3 _ si (24) = 213k? > 


3 


A regular hexagon fulfills the derivative relation- 
ship between the area A and the perimeter P: 
A’(k) = P(k) where k is the radius of the inscribed 


circle. 


In the case of a hexagon as well as in case of 
a square, the measure (the height of a triangle) 
according to which the derivative relationship 
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2 


the area of a hexagon is thus 


A(a)=6 














ene 
Ay ee tia 


a V3 = 33a 





A’(a) = 3V3a # P(a). 


P(a) = 6a 


For each of the six equilateral triangles with side a and height k that compose the hexagon, 


2 





2 








Fig. 6 Testing derivative relationship for a regular hexagon with side a results in disappointment. 


between area and perimeter exists is the radius of 
the inscribed circle. This yet again reinforces the 
analogies with the derivative relationship of a circle 
(see fig. 8). 


GENERALIZING THE RESULTS 

Now an obvious generalization follows. For any regu- 
lar n-sided polygon, A, = P,,- 1/2 where A, is the area 
of the polygon, P, is its perimeter, and r is the radius 
of the inscribed circle. The area of the polygon is the 
sum of the areas of the isosceles triangles of which 
the polygon is composed. The base of such a triangle 
is proportional to its height (see fig. 9), which is the 
radius of the circle inscribed in the polygon. Thus, 


eye 
VZV, 





A’(a) = P(a) 


Fig. 7 The analogy between a square and a hexagon is attained. 
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the perimeter of the polygon is also proportional to 
the radius r of the inscribed circle (see fig. 9). 
For each one of the triangles— 


e the side of the triangle is a = 2rtana where 
a=n/n; and 
e the area of the triangle is A, = ar/2 =r tana. 


For a regular n-gon, P,(r) = na = n(2rtana) = 
2nrtana. Then A,(r) =n-r* tana; and A’(r) = 
2nrtana. 

A regular polygon fulfills the derivative relation- 
ship between the area A and the perimeter P: 
A’,(r) = P,(r) where r is the radius of the inscribed 
circle. 

Note that tana and n are values specific to each 
polygon. Denoting 2n tana as a constant C simpli- 
fies the expressions and highlights the derivative 
relationship: 


PLATONIC SOLIDS 
Our next step is to move from regular polygons to 
regular solids—the five Platonic solids. (The anal- 
ogy has already been established for a cube.) 

As with the two-dimensional case, the volume of 











Fig. 8 The analogy holds for a circle, a square, and a hexagon. 


a platonic solid with M faces can be considered as the 
sum of the volumes of M pyramids, where the base of 
a pyramid is the face of the solid and the height is the 
radius R of the sphere inscribed in the solid. (Each 
platonic solid circumscribes a sphere.) What follows is 
a proof that the derivative of the volume of a platonic 
solid equals its surface area when the volume and the 
surface area are functions of R. Figure 10 uses an 
octahedron to exemplify the relationships between the 
radius R of the sphere inscribed in the solid and the 
radius r of the circle inscribed in a face of the solid. 
Then V(R) = MSR/3 where R is the radius of 
inscribed sphere, S is the surface area of one face, 
and M is the number of faces. From the previous 


section (see fig. 9), S= nr’ tan a where r is the 
radius of the circle inscribed in a face of the solid 
and n is the number of sides of the face: Since 
r=Rtan B © cos a, then 


S=nR’ tan’ Be cos’ a+tana 
nR° tan” Bsin(2cr) 
= 5 : 
Therefore, the surface area of the solid is 


MnR’ tan” Bsin(2cr) 


ALR) = ‘i 


> 


Technology Tips 


Which technologies enrich your teaching? Which motivate 
your students? 


// Do you have a great way to use technology in your classroom? 
Tell us how! 


// Perhaps you have some reflections on technology that you 
would like to share. What should we be thinking about? 


// Or perhaps you have found an invaluable website that you 
have been using. Share it! 


The editors of Technology Tips want to hear from you! 


Write up the activity (help us by including step-by-step 
directions) and then submit your manuscript by accessing 
mt.submit.net. Be sure to enter Technology Tips in the 
Department/Calls field. No author identification should 
appear in the text of the manuscript. Additional guidelines 
for preparation of manuscripts can be found at 
www.nctm.org/publications/content.aspx?id=10452. 
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and 


Mntan’ B+ sin(2a) 
v(r)=—— = 5 Monk tan” be sin(20)+R 2 

MnR’ tan’ B+ sin(2a) as a constant C simplifies the expressions and high- 
3 6 lights the derivative relationship: If A(R) = CR* and 

V(R) = CR*/3, then V’(R) = A(R). 

Then The relationships between the area and the 
ee ‘ perimeter of a polygon and between the volume and 
v’( R) = Mn’ tan’ B -sin(2c) a the surface area of a solid, which are immediately 

2 noticed with circles and spheres, exist for other reg- 
v’(R) rN (R). ular polygons and solids when appropriate variables 


for the measures are chosen. The specific choices of 

A platonic solid thus fulfills the derivative relationship _ variables and slight variations on the familiar for- 

between the volume V and the surface area. A where R mulas help students see this relationship clearly. 

is the radius of the sphere inscribed in the solid. 

We note that the values a and B are constant for REFERENCES 

each platonic solid with M faces. Denoting Movshovitz-Hadar, Nitsa, and John Webb. 1998. 

One Equals Zero and Other Mathematics Surprises. 
Emeryville, CA: Key Curriculum Press. 

Usiskin, Zalman, Anthony Peressini, Elena A. 
Marchisotto, and Dick Stanley. 2003. Mathematics 
for High School Teachers. Upper Saddle River, NJ: 
Prentice Hall. 

Zazkis, Rina, and Ami Mamolo. 2011. “Reconceptual- 
ising Knowledge at the Mathematical Horizon.” For 
the Learning of Mathematics 31 (2): 8-13. 
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Fig. 9 The derivative of the area of a regular polygon equals its perimeter. 


Fig. 10 The derivative of the volume of a platonic solid 
equals its surface area. 
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nected by a question that will challenge 
students: What is the probability P that 
the function f(x) =x° + rx + s has real 
zeros when r and s are real numbers 
between 0 and 9, inclusive? This prob- 
lem involves an infinite sample space, 
making it more interesting for students 
who have worked on probability prob- 
lems with only finite sample spaces. 

Students in ninth grade and up can 

accomplish this activity; however, it is 
probably best suited for a second-year 
algebra course. Students are expected to 
have basic skills using a TI-84 or similar 
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calculator and should understand the 
difference between sequences and series. 
The activity can be presented as either an 
individual or a group activity but is more 
powerful when implemented in groups. 
When working in groups, students can 
review, Clarify, and integrate concepts 
with other team members and can discuss 
possible solutions, communicate ideas, 
and share different points of view. I allot 
ninety minutes for the activity. 

The activity allows students to 
deepen concepts such as calculating 
zeros of a quadratic function and calcu- 
lating probabilities in an infinite sample 
space. Teachers can also introduce a 
step-by-step methodology that allows 
students to reflect on their findings as 
their comprehension increases. 


ACTIVITY ANALYSIS AND 
SOLUTIONS 

Case 1: r and s Are Integers 

Case 1 generates a finite sample space. 
Students must consider the fact that r 
and s are integers. 

First, students have to find fifteen ran- 
dom pairs (7, s), rand s being integers 
between 0 and 9, using the rand command 
of the calculator. Each pair of numbers 
(r, s) is used in the function f(x) =x° + rx 
+ s. For example, the pair (5, 6) produces 
the function f(x) =x° + 5x + 6. For each of 
the fifteen random functions, students 
must then determine whether or not the 
function has real zeros. Students prefer to 
use the discriminant to determine 


May 2013 





PROGRAM: DISCRIM 
Disp “x?+Rx+S” 
Prompt R, S 
R?-4S-5Z 


if Z20 
then 
Disp “There are real zeros” 





Fig. 1 Students could use this TIl-84 program 
to determine whether the randomly generated 
function has real zeros. 


whether the zeros of the equations are 
real. Because the process has to be done 
fifteen times, students may prefer to enter 
the calculator program shown in figure 1 
to evaluate the discriminant of the qua- 
dratic formula; they can then decide 
whether or not the function has any real 
zeros. On the basis of the results of their 
own table, the students must determine 
the relative frequency of the function 
f(x) =x° +rx +s having real zeros. 

This procedure allows only an 
approximation for an answer to the 
initial question; it is important for stu- 
dents to go through these steps because 
the process allows them to have a better 
understanding of what they are look- 
ing for. Students can see the elements 
that make up the sample space and how, 
depending on the number of elements 
taken into account, the value of the rela- 
tive frequency is modified. Finally, the 
process encourages them to seek new 
strategies to solve the problem. After 
students finish the manual process, we 











suggest a strategy in which they will 10 
construct a diagram to represent the 
conditions of the problem and then use S 4 4 fe a e Yee Xena. x 
it to find the probability that the func- 
tion f(x) =x° + rx +s has real zeros. 
For the diagram, students must take : ‘ a ‘i 2 r A x x x 
into consideration the following system 
of inequalities: 0 <r<9;0<s<9; and ‘| Y ; : X x X X 
r — 4s > 0. The first two inequalities 
are inferred because r and s are integers f : ‘ : : ore ae ek 
between 0 and 9, and the third inequal- 
ity is the condition for the discriminant . e S 3 Kae Xo XX 
of the equation x” + rx + s = 0 to be posi- 
tive so that there can exist real solutions. 4 S ¢ : x X XK Keak x 
We expect that students will notice this 
fact to be able to solve problem 4. ° ° Ss rset st XK Bes Kee Kee ran 
In figure 2, each dot represents a 
pair (r, s) that determines a function of 2 © ° DRE SI Kis XK Be Kare Sanne x te Bo 
the form f(x) =x° + rx +s, and each of 
the dots marked with an X represents ° Kary SX Ko eX xK 


a pair (7, s) that determines a function 
of the form f(x) =x° +rx +s with real 
zeros. To find the probability that the 
function f(x) =x° + rx +s has real zeros, 
students must count the total number of Fig. 2 Successful outcomes are represented by the Xs in the diagram. 
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Fig. 3 The shaded area represents the success- 
ful outcomes. 


dots marked with an X and then divide 
that number by the total number of dots 
(100): 59/100 = .59. 

Many students will be astonished by 
how simple and easy it is to understand 
this graphic solution. They can count 
the elements in the sample space and see 
the result in a tangible, concrete way. 


Case 2:r and s Are Real Numbers 
Now students are to determine the prob- 
ability that the function f(x) = x° + rx 

+ s has real zeros when ¢ and s are real 
numbers between 0 and 9, inclusive. 
Students must be aware that this sample 
space is different. The new sample 
space, determined by the inequalities 
0<r<9and0<s<4Q, has infinitely 
many points contained in the square 
with vertexes (0, 0), (9, 0), (9, 9), and 


(0, 9). The shaded area in figure 3 
shows the pairs (r, s) that represent real 
solutions for f(x) =x° +rx+s=0as 
determined by the inequality r° - 4s 2 0. 
Because the numbers in the pairs of 
the solution region are real, the num- 
ber of pairs that satisfy the fact that 
the function f(x) =x° + rx + s has real 
zeros cannot be counted, unlike in case 
1, where r and s are integers. So it is 
necessary to find the areas of the shaded 
section of the figure and the area of the 
square and then calculate their ratio. 
To find the area of the shaded sec- 
tion, divide it into two regions, as shown 
in figure 4, and then find the area of 
each shaded section. The area of the 
rectangle in region II is 27 (width 3 and 
length 9). To find the area of region I, we 
subdivide it into rectangles, as shown in 
figure 5. The idea is to use the areas of 
these smaller rectangles to approximate 
the area of region I. Here, it is possible 
to introduce the method of exhaustion 
as a way to find the area of a shape by 
inscribing a sequence of rectangles whose 
areas converge on the area we seek. 
Table 1 shows the area of each rect- 
angle R1 to R6. To obtain an approxi- 
mation of the area from region I, sum 
the six areas: 


Approximate area of region I 


1 
ea Oe 
4 4 4 








Region I 











Fig. 4 Dividing the shaded region into a rectangle and a region 


bounded by a curve helps determine the area. 





Region II 











region |. 
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A best approximation of the area 
from region I can be made with a calcu- 
lator using decreasing values each time 
for the width of the rectangles. Table 2 
shows the approximation of the area of 
region I according to three different val- 
ues for the width of rectangles. From the 
data in the table, we can infer that the 
area of region I is approximately 18. 

According to these results, the prob- 
ability that the function of the form 
f(x) =x" + rx +s, with real numbers r 
and s, has real zeros is found as follows: 


Area region I + Area region II 











P= 
Area of square ABCD 
Cl rie 
81 81 9 


This calculation is based on the follow- 
ing principle of probability: If a point P 
of region S is picked at random, then the 
probability that P is in region R is 
Area,/Areas. 

After working the problem using first 
a finite sample space and then an infinite 
sample space, students will reach the 
conclusion that the probability that the 
function f(x) =x° +rx +s has real zeros 
when r and s are real numbers between 
0 and 9, inclusive, is close to 5/9. 

Problems 15 and 16 are intended to 
have students reflect on the difficulties 
they had while doing this classwork. 
Here, it is most important for students 
to identify the concepts they were able 














Fig. 5 The method of exhaustion can be used to determine the area of 


Table 1 Areas with n = r 


Rectangle 1 (R1) 


Table 2 Better Approximations 













Rectangle 2 (R2) 














Rectangle 3 (R3) 





Rectangle 4 (R4) 


Rectangle 5 (R5) 





Rectangle 6 (R6) 
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to clarify and also to be aware of the 
importance of following a step-by-step 
procedure to answer a question. 


WHAT STUDENTS LEARN 

This activity allowed students to review 
some probability concepts and inte- 
grate them with some algebra concepts. 
By working in small groups, students 
learned to communicate, share their 
questions and doubts, and analyze group 
members’ proposals. In addition, stu- 
dents learned to use a graphical approach 
in the resolution of probability problems 
involving an infinite sample space. 

The two cases developed in the activ- 
ity and the fact that they passed from 
discrete to continuous allowed students 
to have a better understanding of the 
problem and to find a correct solution. 
Determining the areas for the case in 
which the sample space is infinite can 
motivate students to consider future 
courses in calculus. 


BIBLIOGRAPHY 

Jurgensen, Ray C., Richard G. Brown, and 
John W. Jurgensen. 2000. Geometry. 
Chicago: McDougal Littell. 

Touval, Ayana. 2006. “Reader Reflections: 
Vertices and x-Intercepts of Parabolas 
(1).” Mathematics Teacher 100 (3): 172 

National Council of Teachers of Math- 
ematics (NCTM). 2000. Principles and 
Standards for School Mathematics. Res- 
ton, VA: NCTM. 


Senk, Sharon L. 1998. The University of 





Chicago Mathematics Project: Functions, / 
Statistics, and Trigonometry: Integrated 
Mathematics. 2nd ed. Chicago: Scott 
Foresman. 





This activity sheet is available to teachers as a 
Word document that can be copied and edited 
for classroom use; go to www.nctm.org/mt. 








SFARE YOUR 
JOURNAL 


Sharing articles from Mathematics Teacher is an easy way to gain support for 
trying new activities or techniques in your mathematics classroom. Get other 
teachers excited about teaching mathematics; talk with your colleagues about 
ideas or activities featured in 
Mathematics Teacher. Sharing and 
talking about the journal yield great 
returns for you and your fellow 
teachers. Try it, and then tell 
us about your experiences by 
writing to Reader Reflec- 
tions. Letters should be 
sent to mt@nctm.org. 










THEA y 


TSeS) Gaus 
ad the Ss, 
Mo, 














e 


Vol. 106, No. 9 * May 2013 | MATHEMATICS TEACHER 697 


ACTIVITY: Quadratic Equations and Probability 


Objective: To find the probability that the function f(x) = .x° + rx +s has real zeros when r and s are real 
numbers between 0 and 9, inclusive. 


Case 1: rand s Are Integers 
1. Use your calculator to generate fifteen random number pairs (r, s) of integers between 0 and 9, inclusive. 
Use these commands: MATH > PRB — randint(0, 9, 2) > ENTER; repeat until you have obtained fifteen pairs. 


Enter the pairs in the table below. 





Does f have real zeros? 


° 2 
= + 
Function f(x) =x + rx +s (yes or no) 


rg 
PB lw ld fe x. 
Lar) 




















ti 




















eee | sel |S Vie) 
Ct |S CON eS) 


2. Use your results from the table to find the relative frequency (ratio of number of successful outcomes to the 
total number of outcomes) that the function f(x) =x° + rx +s has real zeros: 


: Number of successful trials 
Relative frequency = ——————- = 
Total number of trials 
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ACTIVITY: Quadratic Equations and Probability (continued) 


3. Ifr and s are integers between 0 and 9, inclusive, place a dot to indicate all pairs (r, s) in the sample space. 





4. What must be true for integers r and s to make the function f(x) =x° + rx + s have real zeros? 


5. Using the diagram shown in problem 3, mark with an X each point that satisfies the condition found in 
problem 4. 


6. Use the graphic representation from problem 5 to find the probability that the function f(x) =x° + rx +s has 
real zeros: 


P= Total number of dots marked with an X _ 
Total number of dots 
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ACTIVITY: Quadratic Equations and Probability (continued) 


Case 2: rand s Are Real Numbers 


I. 


Ifr and s are real numbers between 0 and 9, inclusive, how many elements are there in the sample space? 


How is this sample space different from the sample space you found when r and s were integers? 


_ In the coordinate plane below, indicate the sample space formed by all pairs (r, s) where r and s are real 


numbers between 0 and 9, inclusive 





. What must be true for real numbers r and s to make the function f(x) =x° + rx + s have real zeros? 


. In the rs-coordinate plane shown in problem 2, shade in the region that satisfies the conditions stated in 


problem 3. 


. Split your shaded figure into exactly two regions in which one region is the largest rectangle possible. Label 


the rectangle region II and the other area region I. 


. Calculate the area of the rectangle (region II): 


Area rectangle = 
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ACTIVITY: Quadratic Equations and Probability (continued) 


7. Divide the remaining figure (region I) into rectangles as shown below. 


















eel 
Rectangle 1 (R1) Area = 1 yer 
Rectangle 2 (R2) Area = 
Rectangle 3 (R3) Area = 
Rectangle 4 (R4) Area = 





Rectangle 5 (R5) 









Rectangle 6 (R6) 
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ACTIVITY: Quadratic Equations and Probability (continued) 


LO: 


18 


12: 


13: 


14. 


i 


U1 


16. 


An approximate area of region I is the sum of the areas of the rectangles. The sum 1S 


What can you do to make the approximation of the area of region I more accurate? 


You can refine this result by systematically reducing the width of the rectangles. To use your TI-84 
calculator to do this, enter x?/4 in Y,. From the home screen, use the LIST commands to obtain 
sum(seq(w*Y,,x,0,6,w). Here, w is the width of each of the six small rectangles. If we substitute 1 for w, 
the result will be the same as that obtained in problem 9. Verify this result. 


You can change the value of w to make the area of region I more accurate. Complete the following table: 


eet ie 
ness lie (ln larnors 4h ler Si 
pees 00 A ee 


Analyze your table. What can you say about the area of region I as you reduce the width of the rectangles? 














Sum of the Areas 






Using your results, find the probability that the function f(x) =x° + rx + s has real zeros when r and s are 
real numbers between 0 and 9, inclusive. 


ws Area Part 1+ Area Part II Ps 
Area of square 


ie 


. Did you have any difficulties in solving the problem? If so, explain. 


What have you learned by doing this activity? 
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REASONING ABOUT 

COVARYING QUANTITIES 

Imagine a soda bottle being filled at a 
constant rate. How might the volume of 
soda in the bottle change with respect to 
the height of soda in the bottle? 

To respond, we need to consider 
how the quantities of volume and height 
covary, or change together, in relation 
to the shape of the bottle. That is, we 
need to engage in quantitative reasoning 
that involves describing rates of change. 
Although we usually associate think- 
ing about rates of change—particularly, 
varying rates of change—with calculus, 
the foundation of these ideas begins 
much earlier. In this article, I share data 
from interviews with secondary school 
mathematics students to illustrate two 
different types of reasoning that can be 
observed in such situations. 

The Common Core State Standards 
Initiative (CCSSI 2010) identified rea- 
soning quantitatively as an essential 
mathematical practice, stating that stu- 
dents should “make sense of quantities 
and their relationships in problem situ- 
ations” (p. 6). This is necessarily more 
than just writing a label next to a num- 
ber. To reason quantitatively, students 
should be able to identify and think 
about attributes that they could measure 
(Smith and Thompson 2008). For exam- 
ple, in the bottle-filling task, students 
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could measure the height of the level of 
soda in a bottle at a particular moment in 
time. However, determining several data 
values for height versus time may not be 
required for students to make sense of 
each quantity and how it varies. 

One way in which teachers can sup- 
port students’ quantitative reasoning 
is to engage them in tasks that involve 
quantities that change together. The 
bottle-filling task outlined here could be 
used with students at a variety of grade 
levels. Take a moment to think about 
how a student who has not taken calcu- 
lus might respond to the task. 


THE BOTTLE-FILLING TASK 

The graph shown in figure 1 represents 
a relationship between the volume and 
the height of liquid in a bottle being 
filled at a constant rate. Students should 
consider these two questions: 


1. How is the volume of the liquid in 
the bottle changing as the height of 
the liquid in the bottle increases? 

2. Sketch a bottle that the graph could 
represent. 


Note the choice to present volume 
as a function of height rather than height 
as a function of volume. Carlson, Larsen, 
and Lesh (2003) found that university 
students working on a bottle-filling 
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Fig. 1 The graph represents a relationship between the volume and the height in a bottle being 


tilled at a constant rate. 


problem that represented height as a 
function of volume treated volume as 
if it were time. Imagine watching the 
increase in the height of the liquid in a 
filling bottle with nonconstant width, 
such as the one shown in figure 2. 
Because the height of the liquid would 
appear to increase more slowly in wider 
sections of the bottle and more quickly 
in narrower section, I thought it might 
be less likely for high school students to 
treat height as if it were time. Thus, rep- 
resenting volume as a function of height 
could reveal more of students’ reasoning 
about the two quantities. 

Students could respond to this task 
in a variety of ways. Clearly, volume 
increases as height increases. To deter- 
mine the shape of the bottle, students 
need to attend to how the increase in vol- 
ume varies in relation to height. Because 
the graph incorporates numerical val- 
ues, students might focus on particular 
amounts of change by determining cor- 
responding values of height and volume 
and considering the differences in both 
height and volume. To propose a shape 
for the bottle, students need to coordinate 
their observations about the changes in 
volume in relation to changes in height. 
The sketch of a bottle that corresponds to 
the graph is shown in figure 2. 


SETTING UP THE TASK 

When teaching AP Calculus, I wondered 
how students who had not yet taken cal- 
culus might respond to questions about 
varying rates of change. Six high school 
students took part in five individual 
interview sessions during which they 
worked on one or more mathematical 
tasks and explained their thinking. They 
worked on the bottle-filling task during 
the fifth interview session. 

Before presenting the task, I asked 
each student to talk about what volume 
meant without making any calculations. 
I did so expecting to learn more about 
how students made sense of volume 
as something that they could measure. 
Each student described volume as the 
amount of space being taken up by an 
object. Their descriptions let me know 
that they could reason about volume as 
more than just the result of a calcula- 
tion. By closely examining the reason- 
ing of individual students, teachers can 
anticipate how students might make 
sense of changing quantities when work- 
ing on such tasks. 

I share three students’ work on the 
bottle-filling task. Students responded 
to the first question orally. For the sec- 
ond question, students sketched a bottle 
and then explained how their sketches 


related to the graph. I include direct 
quotes and sketches from Jacob, Mason, 
and Hannah (all names are pseudo- 
nyms). At the time of the study, Jacob 
and Mason were enrolled in a precalcu- 
lus course, and Hannah was enrolled in 
a geometry course. 


RESPONSES TO THE TASK: 
JACOB AND MASON 

Both Jacob and Mason described rela- 
tionships between volume and height by 
comparing amounts of change in each 
quantity. 


Jacob's Response 


Well, ... here there’s more volume 
[points to the volume axis of the graph 
given in the task]. ll just use the point 
(2, 2). See, like, it’s more volume than 
height [points to the height axis]. So 
there’s more .. . if it was (2, 2), then it 
would have been constant. So there’s 
more volume than height, so that means 
it’s, like, fat at the bottom, and then 
here [refers to the portion of the graph 
near the point (3, 5.5)], it starts getting 
skinnier and skinnier and skinnier. 


This curve [refers to the concave-up por- 
tion of the graph| means that the bottle 
is, like, .. . it’s not getting very high 
for how much soda’s filling up. So that 
means it’s like this |draws the bottom 
portion of the bottle shown in fig. 3]. 
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And youw’re not get- [brief pause; moves 
marker along the concave-down part of 
the sketch shown in fig. 3], but up here 
... it’s getting skinnier, so that way 
you’re getting more height with less 
soda. So the bottle looks like that, kind 
of |draws the upper portion of the bottle 
shown in fig. 3]. 


Mason's Response 


I’d say that it’s filling up pretty fast 
here [moves marker along the curve in 
the given graph, beginning at the origin]. 
And it hits a certain point in that spe- 
cific bottle where it starts to slow down 
a little bit until it reaches its height, its 
final height. 


It is taking up more volume than the 
height here. I got this backwards. It’s tak- 
ing up more of volume. Yeah, I have it 
backwards [scratches out bottle shape on 
left; see fig. 4]. I's going to be wider down 
at the bottom. It gets smaller up at the top 
because it’s taking up more inches, and 
it’s less amount of volume getting into 

it. So I think it is going to start out wide. 
And then once it reaches that certain 
point, it’s just going to taper off. 


Analyzing These Responses 
Jacob compared amounts of increase 
in volume and height and made con- 
nections to the shape of a bottle. Using 
point (2, 2) as an example, he explained 
how to tell whether the bottle would be 
wide or narrow in that section. Because 
the graph of volume versus height 
was to the left of point (2, 2), Jacob 
determined that there would be “more 
volume than height,” meaning that the 
bottle would be wide in that section. 
Jacob sketched the bottle in two 
parts—wider at the base and narrowing 
as it reached the top. He made connec- 
tions between the bottle and the graph, 
as shown by the arrows in figure 3. To 
determine when the bottle would be 
wide or narrow, he compared amounts 
of volume and height. When volume was 
increasing more (e.¢., “it’s not getting 
very high for how much soda’s filling 
up”), Jacob drew a wide part in the bottle. 
When height was increasing more (e.¢., 
“setting more height with less soda”), he 
drew a narrow part in the bottle. 
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Fig. 3 Jacob sketched this bottle. 


Mason identified sections when the 
bottle was filling differently (“filling up 
pretty fast here,” “starts to slow down 
a little bit”). Even though he described 
different rates of filling, it is difficult 
to tell how he might have been relating 
the quantities of volume and height. If 
students provide a partial response to 
one part of a task, their responses to 
other parts might give more information 
about their reasoning. Mason’s second 
explanation demonstrates comparison of 
amounts of volume and height. 

Mason made two attempts to sketch 
a bottle. He first drew a bottle that had 
multiple inward and outward curves 
(see fig. 4, left). When using the graph 
to explain why the bottle would look 
that way, he scratched out the first 
sketch. The second bottle that Mason 
drew (see fig. 4, right) was much closer 
to the anticipated solution (see fig. 2). 
When drawing the second bottle, he 
explained that the change in the bottle 
shape resulted from paying attention 
both to “the numbers” and to the shape 
of curve in the given graph. Moving a 
finger over the height and volume axes, 
he went on to say that “looking at the 
numbers” meant paying attention to 
amounts of change in height and volume 
in particular sections of the bottle. By 
making comparisons between amounts 
of volume and height, Mason was able 
to recognize inconsistencies in the shape 
of the first bottle sketched and draw a 
more appropriately shaped bottle. 

Both Jacob and Mason compared 
amounts of change in volume to 
amounts of change in height in differ- 
ent sections of the bottle and used their 
comparisons to make predictions about 
where the bottle would be wider or nar- 
rower. Even though the sketches that 
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Fig. 4 This bottle was drawn by Mason. 


they drew are not completely accurate, 
each sketch shows a bottle narrowing 
and nearly cylindrical toward the top. 


RESPONSE TO THE TASK: 
HANNAH 

Hannah described variation in how the 
volume changed as the height increased. 


Hannah's Response 


Towards the bottom of it, like, it doesn’t 
increase as much, but as you go along, it 
definitely increases more. The volume 
and the height . . . it increases more as 
you go. The volume of it increases a lot, 
like, from here to here [puts two fingers 
on the graph, one at the point where the 
height is approximately 3 inches and the 
other where the height is approximately 

4 inches], like, compared to down here 
[points near the origin]. So there would 
be a bigger volume for that. Towards the 
middle it starts ... it gets smaller as you 
go to the cap of the bottle. 


It would start off smaller because the 
increase of volume starts off slower, 
and then it would start to get larger, 

so it would have this kind of curve to 
it [draws lower-left side of the bottle; see 
fig. 5]. And then, ... as soon as you get 
up here into this, here the bottle would 
get smaller again, as it went to this cap 
[continues to draw left side of the bottle). 
So it would be sort of like a vase shape 
... Then [finishes drawing the bottle] it 
would just be sort of shaped like that 
because the volume down here, like, it 


shows on this graph, like, the volume 
starts to increase faster as it gets in 
towards around here. And then as you 
go up further and then as the height 
increases, the volume starts to slow, 
like slower increasing. 


Hannah made distinctions between 
different kinds of increases in volume. 
For example, she said that at first the 
volume did not “increase as much” and 
then the volume “definitely increases 
more.” Hannah treated increases in vol- 
ume as occurring in relation to a contin- 
ually increasing height. It was as if she- 
were able to imagine change happening 
in progress, linking the changing volume 
and the changing height. 

When sketching the bottle, Hannah 
made connections between variation in 
the increase in volume and the curved 
shape of the bottle. Specifically, she used 
the variation in the increase in the vol- 
ume to explain why the bottle would be 
shaped a certain way. Drawing the lower- 
left portion of the bottle that curved out- 
ward to the widest point (see fig. 5), she 
explained that the bottle would have this 
shape because the increases in volume 
would “start to get larger.” Unlike Jacob’s 
and Mason’s sketches, Hannah’s bottle 
shows considerable widening and nar- 
rowing before the narrower, more cylin- 
drical portion at the top of the bottle. 


ANALYZING ALL STUDENTS' 
REASONING 

When working on the bottle-filling task, 
all three students described relationships 
between the changing quantities of volume 
and height. Jacob and Mason compared 
amounts of height and volume to deter- 
mine the shape of a bottle that corresponds 
to the graph given in the task. In contrast, 
Hannah described variation in increases 
in volume in relation to increases in height 
(e.g., “slower” and “faster” increases). Fur- 
ther, she drew a bottle closest to the shape 
expected for this task. 

By analyzing how students described 
relationships between the changing 
quantities, I identified two distinct forms 
of reasoning: simultaneous-independent 
(Johnson 2012a) and change-dependent 
(Johnson 2012b). Distinctions such as 
these are helpful for teachers as they 
analyze how students are making sense 


of situations involving quantities that 
change together. 


Simultaneous-Independent Reasoning 
Simultaneous-independent reasoning 
involves the activity of comparing. When 
interpreting a graph involving changing 
quantities, students who demonstrate 
simultaneous-independent reasoning 
use intervals (or sections) to compare 
amounts of change. The comparisons 
that students make could be between the 
magnitudes of the amounts. In this case, 
the quantity with the greater (or lesser) 
amount of change would be increasing 
more (or less) in that interval. 

Students make these comparisons as 
if each quantity were changing indepen- 
dently of the other in relation to time. By 
making comparisons between amounts 
of change in volume and height, Jacob 
and Mason appeared to be using simulta- 
neous-independent reasoning. 


Change-Dependent Reasoning 
Change-dependent reasoning involves the 
activity of coordinating. When interpret- 








Fig. 5 Hannah sketched this bottle. 


ing a graph involving changing quanti- 
ties, students who demonstrate change- 
dependent reasoning coordinate change 
in one quantity with change in another 
quantity. This process could involve 
imagining a point on a graph moving 
from left to right in conjunction with 

a point on the horizontal axis moving 
from left to right. As the quantity 








BECOME AN 
ADVOCATE 


































You will fiad information on current Issues, 
legislative alerts, how to get your voice heard, how to 
contact our elected officials, and much more. 





FOR THE IMPROVEMENT OF 
MATHEMATICS TEAGEING AND LEARNING! 





Go to www.nctmyverg and click on 
Research, News, & Advocacy 
AdVOCcAaCcy 

Be an Advocate 















Vol. 106, No. 9 * May 2013 | MATHEMATICS TEACHER 707 


represented on the horizontal axis 
increases, the quantity represented on the 
vertical axis might increase or decrease. 
Thus, a student could conceive of varia- 
tion in amounts of increase or decrease. 
Hannah appeared to be using change- 
dependent reasoning by describing 
variation in how the volume changed 
as the height increased. Unlike Jacob 
and Mason, who compared amounts of 
change in volume and height, she indi- 
cated different kinds of increase in vol- 
ume (e.g., describing volume as “increase 
faster” and then as “slower increasing”). 


IMPLICATIONS FOR TEACHING 
When students reason about quantities 
that change together, the way in which 
they relate the changes in the quantities 
matters. Although simultaneous-indepen- 
dent reasoning is useful, it does have limi- 
tations. Simultaneous-independent reason- 
ing involves making comparisons between 
static amounts of change in quantities, 
determining in each interval when one 
quantity will be increasing by a greater, 
lesser, or the same amount as another 
quantity. In contrast, change-dependent 
reasoning involves variation in how one 
quantity changes in relation to another 
quantity. Change-dependent reasoning 
draws more fully on the dynamic aspect of 
the changing quantities. 

Research shows that students can 
treat graphs as pictures of physical objects 
(Leinhardt, Zaslavksy and Stein 1990). 
Consider how the left contour of the first 
bottle that Mason drew (see fig. 3, left) 
resembles the shape of the curved por- 
tion of the graph given in the bottle-filling 
task. When comparing amounts of change 
in volume and height, he noticed an error 
and made a new sketch. 

Teachers can support students’ efforts 
to interpret graphs by fostering students’ 
use of simultaneous-independent reason- 
ing. Asking questions that encourage 
students to pay attention to quantities 
is one way to do this. Before interpret- 
ing graphs, students could reason about 
height and volume for differently shaped 
bottles by filling the bottles (perhaps in 
increments of 2 ounces of liquid) and 
collecting the height and volume data 
for each bottle. (For suggestions on 
such activities, see Gomez and Wolfson 
[2012] or McCoy et al. [2012].) 


Further, teachers can strengthen stu- 
dents’ efforts to make sense of variation 
in rates of change by fostering their use 
of change-dependent reasoning. Asking 
students to move a point along the x-axis 
in conjunction with another point that 
is moving along a graph of a function is 
one way to do this. 

Reasoning about quantities that 
change together is essential for under- 
standing calculus concepts such as the 
derivative (Zandieh 2000). However, 
it can be nurtured much earlier to sup- 
port students’ understanding of that 
difficult-to-learn concept—rate of 
change (Thompson 1994). Teachers 
can foster student reasoning by paying 
close attention to the ways in which 
students describe relationships between 
quantities. This process better prepares 
students to draw on their informal ways 
of reasoning when the time comes to 
formalize relationships between varying 
quantities in calculus. 
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Practice come to mind: (a) “make sense of prob- 
lems and persevere in solving them”; (b) “reason 
abstractly and quantitatively”; and (c) “model with 
mathematics” (CCSSI 2010, pp. 6-8). 

To enlarge the pool of mathematics teachers like 
Nabb, it is imperative that higher education faculty 
“also model the effective practices they believe 
teachers should employ” (NCTM 2000, p. 377). 
One problem that has provided many opportunities 
for us to accomplish this with our preservice teach- 
ers, using methods similar to Nabb’s, is the surfer 
problem as presented by Copes and Kahan (2006). 
This problem is stated as follows: 


A surfer, shipwrecked on an island in the shape 
of an equilateral triangle, wants to build a hut so 
that the sum of its distances to the three beaches 
is minimal. Where should the hut be located? 


The authors demonstrate several solutions to 
this problem, including a coordinate geometry proof 
and an area proof. In all cases, they show that the 
hut can be located anywhere on the island by prov- 
ing that the sum of the distances equals the height 
of the triangle. In addition, they challenge readers 
to discover other approaches for themselves. In 
2008, one of our students, Kena Gibson, had her 
original solutions to this surfer problem accepted 
for presentation at the regional Missouri/Arkansas/ 


Kansas/Oklahoma Undergraduate Mathematics 
Research Conference. 

Subsequently, we were delighted to see Kalish’s 
(2009) extensions to the surfer problem. Among 
other things, he shows that the hut can be located 
outside the triangle with the same results, assum- 
ing that we measure the distances to the extended 
lines of the equilateral triangle and permit signed 
distances. We immediately suggested to some of 
our students that they attempt to find their own 
original proofs of the Kalish results. In preparation 
for their senior capstone seminar, two of them col- 
laborated to produce a proof of the extended surfer 
problem. Their proof, an analytic geometry proof, 
was easily applicable to other regular polygons, as 
also shown by Kalish. But this was not to be the 
end of their investigations. 

With our prompting, the two students began to 
conjecture about whether results might be similar 
when working in three dimensions. Their musings 
were along these lines: “If we built a polyhedral 
structure underwater for deep-sea divers, where 
would we locate living quarters inside so that the 
sum of the distances from these quarters to the 
faces of the structure would be a minimum?” The 
first structure suggested was a right equilateral tri- 
angular prism, extending down into the ocean but 
open at the top for entrance into the structure. This 
idea was quickly discarded because, when modeled, 
it was essentially the two-dimensional surfer prob- 
lem all over again. 

Nevertheless, the students continued to exercise 
their mathematical skills of inquiry and creativity 
until one day one of them simply asked, “What 
would happen if we considered a tetrahedron?” In 
time, this question helped them develop conjectures 
that led to their first three-dimensional extension of 
the surfer problem. They quickly found two proofs 
by simply extending the two-dimensional analytical 
geometry and area proofs (as per Copes and Kahan) 
to three-dimensional analytical geometry and vol- 
ume proofs. Here is their first extension. 


THEOREM 1 
Theorem 1 may be stated as follows: 


For a regular tetrahedron PORS, the sum of the 
distances from any point inside the tetrahedron 
to its faces is a constant and equals the height of 
the tetrahedron. 


Proof 

An interior point, E, of the regular tetrahedron 
PORS, when connected to the vertices, partitions 
the regular tetrahedron into four pyramids, all hav- 
ing one of the four congruent faces of the tetrahe- 
dron as a base (see fig. 1). The sum of the volumes 





R 


Fig. 1 Students can see four smaller tetrahedra when point 
E is in the interior of PORS. 


of the four pyramids equals the volume of the regu- 
lar tetrahedron. Therefore, 


1 1 1 a i 
3 ier = goa on 3 alt ote 3 fa ts a ee Q) 


where A,, A,, A», A;, and A, refer, respectively, to the 
areas of the bases and i, h,, h,, h, and h, refer to the 
heights of the regular tetrahedron and the four pyra- 
mids. Since A, = A, = A, = A, = A,, equation (1) implies 
that h,=h,+h,+h,+h,, thus proving theorem 1. 
Before showing the students’ three-dimensional 
extension involving points anywhere in space, we 
extend Kalish’s definition of signed distances in rela- 
tion to a line in two dimensions to signed distances 
in relation to a tetrahedron in three dimensions 
(Priest and Smith 2010). First, we note that the 
extended plane z of any face of the tetrahedron par- 
titions three-space into three disjoint sets: the plane 
m and two half-spaces, one that contains the interior 
of the tetrahedron (H,) and one that does not (H,). 


Definition 1 
Let z denote the extension of one face of a regu- 
lar tetrahedron ABCD. Letting M be any point in 
three-space and denoting the distance from M to 2 
by d(M, x), we define the signed distance from M 
to 2, SD(M, 2), as d(M, x) if M is in H, or in z and 
as —d(M, z) if M is in H,. 

For purposes of computing the signed distance of 
a point to the extended faces of a tetrahedron, we 
observe the following. If z is a plane determined by 
two vectors PA and PB (see fig. 2), then N = PA 
x PB is a vector normal to 2. Also, if Q is any point 
in three-space and tN is the projection of PO onto 
N, then (PO - tN) +N =0. Hence, 
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Fig. 2 PQ is projected onto the normal vector N from 
plane PAB. 
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Note that t has the same sign as cos@. So Q is in 
the half space of z pointed to by N if and only if 
0° <@< 90° (ie., t > 0). Likewise, Q is in the oppo- 
site half space if and only if 90°< @ < 180° (ie., t< 0). 
We observe that d(Q, 2) = |tN| = |¢||N| and that 
the signed distance, SD(Q, 2) relative to N is tll, 
or, equivalently, PO|cos 0. More important, an easy- 


to-use formula for SD(Q, 2) is given by 

















PO «IN| cos PO 
set aie led (2) 
a 


which does not require @ or the equation for 7. 


THEOREM 2 
Theorem 2 may be stated as follows: 


For a regular tetrahedron, PORS, the sum of the 
signed distances from any point to the extended 
plains of the faces of PORS is a constant and 
equals the height of PORS. 


Proof 

There is no loss of generality in letting the edges of 
the tetrahedron be two units in length and oriented 
in the x,y,z-coordinate system (see fig. 3). We will 
let 2,, 7, 1, and 2, denote the extension planes of 
the four faces of the tetrahedron. For computing the 
signed distances to these planes, we need normal 
vectors to these planes that point to the half space 
containing the interior of the tetrahedron (see defi- 
nition 1). Using the right-hand rule for cross prod- 
ucts (Briggs and Cochran 2011, pp. 714), we can 
find these normal vectors by computing as follows: 
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(1,/3,0) 
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Fig. 3 Students positioned their regular tetrahedron with 
point P at the origin. 


N, = PRx PS 
N, = PRx PR 


N,=PSx PQ 


N, =SRx SQ 


For example, the normal to 7, is given by 
Ale ages 


3 3 


Next, if we use equation (2) for any point 
M(p, q, r) in three-space, the signed distance from 
M to the plane 7, is given by 





We pause for a quick illustration of the validity 
of this formula. Pick a point M, = S with coordi- 
nates (1, V3, 0), which is in the same half space as 
the tetrahedron, and M, with coordinates (0, -2, 0), 
which is not. When finding SD(M, z,), we cannot 
use point P because P does not lie on the plane 7,. 
We may use point Q, R, or S. We note that 
SD(M,, 2) is positive (the height of the tetrahe- 
dron) and that SD(M,, 7.) is negative: 


_ 26 


3 


SOME 2 


WO 


2V2q —17 
2 (1,3,0) 


and 


SD(M,x,)= 2024-7 _-4v2 


3 
(0,-2,0) 


Returning to the proof, we need the signed dis- 
tances from a point M to the other three planes: 7, 
7, and 7,. Using the approach above, we find that 
these distances are as follows: 


SD(M,z,)=r 
SD(M,z,)= 6p uae 
SD(M,x )-niee xara 


re eee Vite 


3 


which is the height of the tetrahedron. This step 
completes the proof of theorem 2, the three-dimen- 


sional extension of Kalish’s surfer problem. We can 
see that theorem 1 is a corollary of theorem 2. 

As stated in the Common Core State Standards, 
“proficient students ... try special cases and sim- 
pler forms of the original problem in order to gain 
insight into its solution” (CCSSI 2010, p. 6). Such 
was the case for the two students who searched for 
extensions to Kalish’s surfer problem. Moreover, 
on reaching these conclusions, they quickly saw 
that if they had enclosed their original triangular 
prism and submerged it in the ocean, they would 
have obtained similar results. Over the course of 
this project, these students came to internalize 
many of the Standards for Mathematical Practice, 
incorporating them into their own understanding 
and approaches to mathematics both as learners 
and as future teachers. Over time, this internaliza- 
tion became clear to their other mathematics and 
education instructors as well and was evidenced by 
their increased confidence in classroom and field 
experiences. 


FURTHER INQUIRY AND CREATIVITY 
Opportunities abound for additional inquiry and 
creativity regarding the surfer problem. The rea- 
soning presented here can be applied to all enclosed 
right regular polygonal prisms, not just the 
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Fig. 4 The intersection of a regular pentagon and an 
equilateral triangle creates a convex region that can serve 
as a source for further inquiry. 


equilateral triangular prism. Students could explore 
the possibility of finding a prism whose base is not 
a regular polygon but produces similar results. Such 
a discovery would lead them to search for irregu- 
lar polygons with the property that the sum of the 
distances of any interior point to the sides is a con- 
stant. Figures with rotational symmetries, such as 
parallelograms, and figures formed by intersections 
of figures with rotational symmetries would be a 
rich starting point. 

For example, consider the convex region 
formed by the intersection of a regular pentagon 
and an equilateral triangle that share a common 
center point (see fig. 4). Students could search for 
alternative proofs of theorems 1 and 2 or extend 
these results to other Platonic or Archimedean sol- 
ids. Also, students might be challenged to define 
signed distances in higher dimensions and inves- 
tigate how these results might extend to other 
dimensions. 


WHAT WE CAN LEARN 

Using the surfer problem and its three-dimensional 
analogue, the diver problem, has allowed us to 
model teaching practices aligned with the ideas set 
forth in the Standards for Mathematical Practice in 
the Common Core State Standards (CCSSI 2010). 
This problem and its extensions could also be used 
to address many other practices, including group 
work, proof and reasoning, and technology (inter- 
active geometry software). As teachers of teach- 
ers, we hope that all preservice teachers have the 
opportunity to be fully immersed in the standards. 
Then they can effectively instill these mathematical 
practices in their students. 
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Administrator's Guide: Interpreting 
the Common Core State Standards 
to Improve Mathematics Education, 
Matthew R. Larson, 2011. 113 pp., $23.95 
paper. ISBN 978-0-85753-695-0. Stock 
no. 14288. National Council of Teachers 
of Mathematics; www.nctm.org. 


This adminis- 
trator’s guide 
provides a com- 
pact resource for 
administrators 
and leaders of 
mathematics teachers to support teachers 
in implementing the Common Core State 
Standards (CCSS). The author presents 
the current state of mathematics educa- 
tion and offers a rationale for the CCSS. 
Central to the book is an explanation of 
how NCTM publications support better 
understanding of the CCSS. 

According to Larson, three critical 
NCTM publications—Principles and 
Standards for School Mathematics (2000), 
Curriculum Focal Points for Prekindergar- 
ten through Grade 8 Mathematics: A Quest 
for Coherence (2006), and Focus in High 
School Mathematics: Reasoning and Sense 
Making (2009)—stand as exemplars for 
clarifying the CCSS. These resources pro- 
vide a wider lens for viewing and under- 
standing the new curricular expectations 
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in the CCSS. If teachers are already famil- 
iar with these readings, then this admin- 
istrator’s guide will be a helpful step in 
the process of studying and implementing 
new standards. 

This excellent resource allows facilita- 
tors the flexibility to adjust the entry point 
for studying new standards to mathemat- 
ics teachers’ experiences. The key ideas 
and questions guide teachers’ conversa- 
tions through professional development to 
professional learning communities. 

This book is not one to be read and 
then put on the bookshelf to gather dust. 
Rather, it should be revisited repeatedly 
when trying to understand and imple- 
ment the CCSS. 

—Linda Gann 
Northside Independent School District 
San Antonio, TX 


FROM OTHER PUBLISHERS 


The Glorious Golden Ratio, Alfred S. 
Posamentier and Ingmar Lehmann, 2011. 
363 pp., $27.00 cloth. ISBN 978-1-61614- 
423-4. Prometheus Books; www 
.prometheusbooks.com. 


This book presents the 
history of the golden 
ratio @ and its sur- 
prising appearances 
throughout mathemat- 
ics. It begins by trac- 
ing this ratio back to 
Herotodus’s account of 
the construction of the Great Pyramid 
of Khufu. Continuing with sixteen geo- 
metric constructions of ¢, the authors 
discuss the occurrence of the golden 
rectangle in the art and architecture of 
antiquity, with appropriate skepticism. 
Posamentier and Lehmann illustrate 
the appearance of the golden ratio in 
many geometric figures, including penta- 
gons and the Platonic solids. They clearly 
illuminate the connection between the 
golden ratio and the Fibonacci sequence 
as well as its representation as a repeated 
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radical. In a series of twenty-eight “curi- 
osities,” the authors detail unexpected 
numeric, geometric, and algebraic 
appearances of @. Additional chapters 
address the relationship between the 
golden ratio and fractals and the appear- 
ance of @ in the spiral patterns of plants 
such as sunflowers and pineapples. 

The authors successfully argue that 
@ is ubiquitous throughout mathematics 
and present their many examples in an 
informal yet precise manner. This book 
could be read by anyone with knowledge 
of high school geometry. Some topics 
rise above this level of mathematical 
sophistication, but the mathematics con- 
tent is presented clearly. 

Teachers of geometry or algebra 
could easily adapt many of the examples 
to create in-depth projects for the entire 
class or provide enrichment for students 
needing additional challenge. 

—Chris Black 
Central Washington University 
Ellensburg, WA 


In Pursuit of the Traveling Salesman: 
Mathematics at the Limits of Compu- 
tation, William J. Cook, 2012. 272 pp., 
$27.95 cloth. ISBN 978-0-691-15270-7. 
Princeton University Press; www.press 
.princeton.edu. 


Ora William J. Cook sets out 
aa m@ to explain the history, 
hae challenges, and beauty of 

the Traveling Salesman 

Problem (TSP), a classic 

mathematics problem. 

The early chapters are 

devoted to its history, 
including Euler circuits and Hamiltonian 
circuits. Applications beyond the simple 
salesman problem, including the move- 
ments of telescopes and etching computer 
chips with lasers, are explored. Later 
chapters delve into higher-level math- 
ematics that has been developed in the 
past sixty years to attack the TSP, includ- 
ing subtours, cutting planes, and linear 
programming. The book concludes with a 
look at the aesthetics of the problem and 
its relationship to art. 

The first few chapters can be under- 
stood by anyone who has taken basic 
high school mathematics courses. Sub- 
sequent chapters would be a challenge 


for anyone without a formal background 
in higher-level mathematics, such as 
graph theory. The author has a solid 
understanding of the material and tries 
to present it in an accessible and some- 
times entertaining way. 

Although this book is at too high a 
level to be used with many high school 
students, I recommend it to anyone 
interested in gaining a deeper under- 
standing of the TSP and modern devel- 
opments in solving TSP-like problems. 

—S. Leigh Nataro 
Moravian Academy 
Bethlehem, PA 


Math for the Frightened: Facing Scary 
Symbols and Everything Else That 
Freaks You Out about Mathematics, 
Colin Pask, 2011. 380 pp., $19.00 paper. 
ISBN 978-1-61614-421-0. Prometheus 
Books; www.prometheusbooks.com. 


Students are sometimes 
briefly intrigued by 
beautiful symmetry and 
patterns in mathematics 
but are not motivated 
to investigate further. 
Math for the Frightened 
takes some interesting 
patterns in mathematics and inspires fur- 
ther investigation, building understand- 
ing of mathematical concepts. The goal 

is to show why symbolic representation 
in mathematics is important, how many 
mathematical symbols developed, and 
how they enable the expression of new 
theories. The intended audience is any- 
one who is intimidated by the symbolic 
language of mathematics, who struggled 
through mathematics courses, and who 
wants to gain an overview of mathemat- 
ics development and use in today’s world. 
Educators who are not frightened by 
mathematics can also benefit from read- 
ing the book and may find some inter- 
esting ideas to bring to the classroom to 
capture students’ interest. 

The mathematical discourse begins 
with Pythagorean triples and transitions 
smoothly to a number of interesting pat- 
terns with squares of positive integers, 
developing the idea of generalization and 
use of mathematical symbols. The author 
shows that proof is important so that we 
know that a generalization is always cor- 








rect. After moving through the develop- 
ment of symbols for mathematical ideas, 
the author makes connections between 
algebra and geometry and then moves to 
the more abstract world of mathematics. 
Pask brings together many mathematical 
ideas that may have been seen by many 
as discrete, unrelated concepts. 

Math for the Frightened is an interest- 
ing read, not only for those fearful of 
mathematics but also for those involved 
in mathematics and the sciences that use 
mathematics. 

—Sandra Nite 
Texas A&M University 
College Station, TX 


Nine Algorithms That Changed the 
Future: The Ingenious Ideas That Drive 
Today's Computers, John MacCormick, 
2011. 248 pp., $27.95 cloth. ISBN 978-0- 
691-14714-7. Princeton University Press; 
www.press.princeton.edu. 


As a mathematics 
teacher in a mathemat- 
ics-computer science 
department, I enjoyed 
reading this book on the 
big ideas of computer 
science. Nine Algorithms 
1 That Changed the Future 
would appeal to those who are in daily 
contact with computer science students 
and those who are curious about the 
details of many daily transactions, such as 
using a credit card safely on the Internet. 
The author gives enough detailed math- 
ematical information to interest students 
at all levels but also has an intriguing way 
of explaining things for mathematicians 
and nonmathematicians alike. 

The chapter on public key cryptog- 
raphy is particularly interesting. One 
analogy the author uses is that coding 
and decoding numbers is like mixing 
and unmixing paints. In a delightfully 
readable manner, MacCormick explains 
in detail how private information can be 
transmitted publicly and safely. In addi- 
tion to the cryptography section, I also 
enjoyed the discussions on Google, error 
correcting, and handwriting analysis. 

Each section of the book begins 
with an engaging and informative anal- 
ogy. Then, once the general knowledge of 
the topic is conveyed, more mathematical 
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detail is provided for those interested. 

I highly recommend this book to any- 
one—students and teachers of mathemat- 
ics as well as nonmathematicians who, 
whether they realize it or not, use the 
main ideas of computer science every day. 

—Anne Quinn 
Edinboro University 
Edinboro, PA 


The Nuts and Bolts of Proofs: An 
Introduction to Mathematical Proofs, 
Antonella Cupillari, 2012. 4th ed. 296 pp., 
$49.95 paper. ISBN 978-0-12-382217-8. Aca- 
demic Press/ Elsevier; www.elsevier.com. 


Students who have 
been successful in 
algorithmic mathemat- 
ics and computation 
often meet their first 
real mathematical chal- 
lenge when they are 
asked to prove something. Fortunately, 
friendly guides like Cupillari’s are avail- 
able to aid the novice theorem prover. 

The Nuts and Bolts of Proof gently 
leads the reader through the primary 
techniques of theorem proving. The book 
begins with a general discussion of the 
syntax of logical statements, which 1s 
followed by an example-driven (mostly 
number theory) discussion of direct proof 
and proof by contradiction. Next comes 
a discussion of “if and only if” theorems, 
existence and uniqueness theorems, and 
mathematical induction. The third sec- 
tion of the book (and new to this edition) 
gives readers an opportunity to apply 
their new proving skills to theorems from 
set theory, functions and relations, group 
theory, and limits. The book concludes 
with 120 additional exercises (without 
solutions given) and solutions to the pre- 
viously encountered exercises. 

Cupillari writes in a vibrant conver- 
sational style, and her suggestions on 
approaching and completing proofs are 
well considered. (The book’s few errors 
seem to be the result of careless editing.) 
The Nuts and Bolts of Proof would serve 
as a nice supplement to a discrete math- 
ematics course or as a stand-alone book 
on mathematical proof. 

—James V. Rauff 
Millikin University 
Decatur, IL 
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MY FAVORIT. a 


The Bulldog 


everal years ago I became the lead 
Ss teacher for a newly created statis- 

tics course. I wanted the course 
to emphasize projects that would allow 
students to apply statistical knowledge 
to real-world situations. My Bulldog 
Lottery lesson allows students to apply 
the concepts of probability and expected 
value to a real-world phenomenon. 

At the beginning of the lesson, as 
students enter the room, they are given 
a lottery ticket for Bulldog Pick 1. This 
lottery ticket invites purchasers to select 
one number from the first fifty-six natu- 
ral numbers. 

The first two questions I ask students 
are these: 


e How many different ways are there 
to choose a number? 

e What is the probability that you will 
win the Bulldog Pick 1 jackpot? 


Students do not find these ques- 
tions difficult, and we quickly move to 
Bulldog Pick 2, whose prize is $500 for 
picking two numbers from the same 
fifty-six natural numbers. I ask the same 
two questions as for Bulldog Pick 1, but 
I extend the dialogue by asking how 
many different tickets need to be sold to 
duarantee a winner and still ensure that 


The Back Page provides a forum for readers 
to share a favorite lesson. Lessons to be con- 
sidered for publication should be submitted to 
mt.msubmit.net. Lessons should not exceed 
600 words and are subject to abridgment. 
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Lottery 


the state will make a profit from the lot- 
tery sales. 

I now have an opportunity to intro- 
duce the concept of expected value. 
Using the Bulldog Pick 2 lottery, I ask: 


Suppose there is just one first prize 
of $500 for winning the Pick 2 lot- 
tery. If 1540 $1-tickets are sold, what 
is the expected value if we purchase 
1 ticket? This expected value can be 
computed as E(x) = 500+ (1/1540) - 
1 = -$0.67. 


I am able to explain the idea of a “fair 
game” (expected value of 0) and a game 
that is skewed toward the player (posi- 
tive expected value). In this case, the 
$0.67 is the amount that a purchaser 
expects to lose in the long run if he or 
she keeps buying tickets. 

Next, working in small groups, stu- 
dents examine the typical Pick 3 and 
Pick 5 lotteries. They discuss how many 
tickets must be sold to advertise a win- 
ning ticket periodically while maintain- 
ing a game that remains skewed toward 
the state. After students calculate how 
many tickets must be sold to guarantee 
a winner and the expected value of each 
game, we discuss how the game changes 
if the numbers must be picked in a spe- 
cific order. 

Then I present each group with a 
new lottery ticket for the Mega Mil- 
lions® lottery, which requires selecting 
five numbers from fifty-six and one 
Powerball number from among the first 
forty natural numbers. My students con- 
sider the probabilities associated with 
Mega Millions: 


May 2013 





e What is the probability of matching 
all five numbers? 

e What is the probability of picking the 
Powerball number? 

¢ What is the probability of picking the 
five regular numbers and the Power- 
ball number? 


Afterward, students create their 
own lottery. They are encouraged to be 
original while maintaining a sense of 
realism about where and how tickets 
will be distributed. The game must have 
a probability of winning between that of 
the Pick 5 lottery and that of the Mega 
Millions lottery. Students present their 
lottery, including a ticket, probability 
calculations, and other information. 
As an exercise to gain state approval of 
their lottery, they must propose a use for 
the money that will benefit the public. 

Over the years, the original lesson 
has been expanded to extend over sev- 
eral days. Small groups are encouraged 
to work together, and the extra time 
allows the more creative people in the 
class a chance to excel. In this way, the 
mathematics comes alive for everyone in 
the room. 
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